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Preface 


The thesis that selective problem solving can be a vital factor in learning 
mathematics needs no extended defense. It is implicit in the suggestion by 
some curriculum experts that problems be made the central point of topical 
development. A good problem, like the acorn, has in it the potential for grand 
development. 

The Committee on High School Contests, guided by this thesis, seeks 
through the Annual High School Mathematics Examination—jointly spon¬ 
sored by the Mathematical Association of America and the Society of 
Actuaries—to extend, to supplement, and to enrich the regular school work 
by providing interesting, rewarding, and challenging problems within a 
prescribed scope. 

There is one very important respect in which this competition differs 
from the Olympiads of Europe and similarly-motivated competitions in the 
United States and Canada. This competition aims to discriminate on several 
levelSy and is not exclusively directed to high-ability students. 

Since the publication of the contest problems through 1960 (NML 
volume 5), participation in this contest has increased by 100,000 students 
in the United States and Canada to its present 250,000 from 7000 schools. 
There is also a fairly large European participation. 

Some of the solutions are intentionally incomplete but crucial steps are 
shown. The exhibited solutions are by no means thv only ones possible, nor 
are they necessarily superior to all alternatives. Since it is our intention that 
no mathematics beyond intermediate algebra be required we consistently 
show an elementary procedure even where a “high-powered” alternative is 
given. 

Your comments are invited. 


Charles T. Salkind 




Editors’ Preface 


The editors of the New Mathematical Library, in wishing to encourage 
significant problem-solving at the high school level, have published the 
following problem collections so far: NML 5 contains all problems proposed 
through 1960 by the Mathematical Association of America in its annual 
contests for high school students. NML 11 and NML 12 contain translations 
of all Eotvos Competition problems through 1928 and their solutions. The 
present volume is a sequel to NML 5, published at the request of the many 
readers who enjoyed that book. Sequels to the Hungarian Problem Books 
are also contemplated by the NML. 

The MAA contest is based entirely on the standard high school curriculum 
and contains forty problems. (Before 1960, there were fifty problems in 
each contest.) Each Eotvos contest, on the other hand, contains only three 
problems, also based on the (Hungarian) high school curriculum, but re¬ 
quiring ingenuity and often rather deep investigation for their solution. 

The MAA is concerned primarily with mathematics on the undergraduate 
level. It is one of the three major mathematical organizations in America 
(the other two being the American Mathematical Society, chiefiy concerned 
with mathematical research, and the National Council of Teachers of Mathe¬ 
matics, concerned with the content and pedagogy of elementary and secondary 
mathematics). The MAA also conducts the annual “Putnam Competition” 
for undergraduate students. Its journal, The American Mathematical Monthly , 
is famous for its elementary and advanced problem sections. 

When the MAA contest was first organized in 1950 it was restricted to the 
metropolitan New York area. It became a national project in 1957, receiving 
in that same year co-sponsorship by the Society of Actuaries. In 1960 more 
than 150,000 students from 5,200 schools participated in the program. The 
contest is conducted in nearly every state and territory of the U. S. and in 
the more populated provinces of Canada. 
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Part I of each examination tests fundamental skills based on conceptual 
understanding, while Parts II and III probe beyond mere reproduction of 
classroom work. For the ten years this contest was conducted, only three 
people scored f perfectly (150); a score of 80 or more places a contestant on 
the Honor Roll. 

The editors are grateful to the MAA for permission to publish this col¬ 
lection, and to Professor Charles T. Salkind for compiling the book and for 
supplying a classification of problems with their complete solutions. In 
preparing this collection, the compiler and the editors have made a few minor 
changes in the statements of the original contest problems for the sake of 
greater clarity. 


L. Bers 
J. H. Hlavaty 
New York, 1965 


t Scoring is as follows: 1950-1959, Part I, 2 points each; Part II, 3 points each; Part 
HI, 4 points each. 1960-1965, Part I, 3 points each; Part IT, 4 points each; Part HI, 
5 points each. 



Suggestions for Using this Book 


This problem collection is designed to be used by mathematics clubs, high 
school teachers, students, and other interested individuals. Clearly, no one 
would profit from doing all the problems, but he would benefit from those that 
present a challenge to him. The reader might try himself on a whole test or on 
part of a test, with (or preferably without) time limitations. 

He should try to get as far as possible with the solution to a problem. If 
he is really stuck, he should look up the answer in the key, see page 47, 
and try to work backwards; if this fails, the section of complete solutions 
should be consulted, see pages 49-107. 

In studying solutions, even the successful problem solver may find side¬ 
lights he had overlooked; he may find a more “elegant” solution, or a way of 
solving the problem which may lead him deeper into mathematics. He may 
find it interesting to change items in the hypothesis and to see how this 
affects the solution, or to invent his own problems. 

If a reader is interested in a special type of problem, he should consult 
the classified index. 

The following familiar symbols appear in this book: 

Symbol Meaning 

~ similar (if used in connection with plane figures) 

~ approximately equal (if used in connection with numbers) 

/. therefore 

ss identically equal to 

< less than 

< less than or equal to 

> greater than 

> greater than or equal to 

I k I absolute value of the number k 

A triangle 

110* the number 1*2 2 + 1-2 1 + 0*2°, i.e., the number 6 when written in 
a numeration system with base 2 instead of 10. 

= congruent 

different from 

± perpendicular to _ 

X Y length of the line segment X F, often denoted by XY in other books 
/(x) function of the variable x 
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Problems 


1961 Examination 


Part 1 

1. When simplified (—becomes: 

(A) * (B) (C) 25 (D) -25 (E) 25-^ 

2. An automobile travels a/6 feet in r seconds. If this rate is maintained for 3 
minutes, how many yards does it travel in the 3 minutes? 


(A) 


a 

1080 r 






3. If the graphs of 2y + s + 3 = 0 and 3y + ax + 2 = 0 are to meet 
at right angles, the value of a is: 

(A) =fcf (B) -J (C) -f (D) 6 (E) —6 


4. Let the set consisting of the squares of the positive integers be called u ; 
thus u is the set 1,4,9, • • •. If a certain operation on one or more members 
of the set always yields a member of the set, we say that the set is closed 
under that operation. Then u is closed under: 

(A) addition (B) multiplication (C) division 

(D) extraction of a positive integral root (E) none of these 
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5. Let 5= (*- 1) 4 + 4(s- l) a + 6(x- 1) 2 + 4(*- 1) + 1. Then 
5 equals: 

(A) (*-2) 4 (B) (s-1) 4 (C) (D) (*+l) 4 (E) ^+1 


6. When simplified, log 8 -r* log } becomes: 

(A) 6 log 2 (B) log 2 (C) 1 (D) 0 (E) -1 


7. When simplified, the third term in the expansion of 







(E) - 


20 
a 1 


8. Let the two base angles of a triangle be A and B, with B larger than A. 
The altitude to the base divides the vertex angle C into two parts, 
Ci and Cj, with C* adjacent to side a. Then: 

(A) Ci+ Ci = A + B (B) Ci - Ct = B - A 
(C) Ci — Ci — A — B (D) Ci+ Ci — B — A 
(E) Ci - Ci = A + B 


9. Let r be the result of doubling both the base and the exponent of a 6 , 
b 0. If r equals the product of a b by **, then * equals: 

(A) a (B) 2a (C) 4 a (D) 2 (E) 4 


10. Each side of triangle ABC is 12 units. D is the foot of the perpendicular 
dropped from A on BC, and E is the midpoint of AD. The length of BE, 
in the same unit, is: 

(A) (B) V28 (C) 6 (D) (E) \/98 


11. Two tangents are drawn to a circle from an exterior point A ; they touch 
the circle at points B and C, respectively. A third tangent intersects 
segment AB in P and AC in R, and touches the circle at Q. If AB « 20, 
then the perimeter of triangle APR is: 

(A) 42 (B) 40.5 (C) 40 (D) 39} 

(E) not determined by the given information 
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12. The first three terms of a geometric progression are \/2, \/2, y/2. 
The fourth term is: 


(A) 1 (B) J/2 (C) &2 (D) y/l (E) ^2 


13. The symbol | a | means a if a is a positive number or zero, and —g if a 
is a negative number. For all real values of * the expression \/t* + Z 2 
is equal to: 


(A) * 3 (B) * 2 + * (0)1*2+ /I (D 

(E) |*| ^/T+7* 


14. A rhombus is given with one diagonal twice the length of the other 
diagonal. Express the side of the rhombus in terms of X, where K is 
the area of the rhombus in square inches. 

(A) y/K (B) \y/2K (C) iy/3K (D) {y/AK 
(E) none of these is correct 


15. If x men working x hours a day for each of x days produce x articles, 
then the number of articles (not necessarily an integer) produced by 
y men working y hours a day for each of y days is: 

<C)£ (D)£ 05), 


16. An altitude A of a triangle is increased by a length m. How much must 
be taken from the corresponding base b so that the area of the new 
triangle is one-half that of the original triangle? 


(A) 


bm 

h + m 


(B) 


bh 

2 (A+ m) 


b{2m + h) 
{ } m+h 


(D) 


b(m + h) 

2m+A 


(E) 


b(2m + h) 
2{h+tn) 


17. In the base ten number system the number 526 means 5* 10 2 +2*10+ 6. 
In the Land of Mathesis, however, numbers are written in the base r. 
Jones purchases an automobile there for 440 monetary units (abbreviated 
m.u.). He gives the salesman a 1000 m.u. bill, and receives, in change, 
340 m.u. The base r is: 

(A) 2 (B) 5 (C) 7 (D) 8 (E) 12 
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18. The yearly changes in the population census of a town for four con¬ 
secutive years are, respectively, 25% increase, 25% increase, 25% de¬ 
crease, 25% decrease. The net change over the four years, to the nearest 
percent, is: 

(A) —12 (B) -1 (C) 0 (D) 1 (E) 12 


19. Consider the graphs of y = 2 log x and y = log 2x. We may say that: 

(A) They do not intersect. 

(B) They intersect in one point only. 

(C) They intersect in two points only. 

(D) They intersect in a finite number of points but more than two. 

(E) They coincide. 

20. The set of points satisfying the pair of inequalities y > 2x and 
y > 4 — x is contained entirely in quadrants: 

(A) I and II (B) II and III (C) I and III 
(D) III and IV (E) I and IV 


Part 2 


21. Medians AD and CE of triangle ABC intersect in M. The midpoint of 
AE is N. Let the area of triangle MNE be k times the area of triangle 
ABC. Then k equals: 

(A) * (B) J (C) i (D) * (E) & 


22. If 3 jc* — 9s 2 + kx— 12 is divisible by x— 3, then it is also divisible by: 

(A) 3x? — s + 4 (B) 3*2—4 (C)3* 2 +4 

(D) 3x- 4 (E) 3s + 4 


23. Points P and Q are both in the line segment AB and on the same side of 
its midpoint. P divides AB in the ratio 2:3, and Q divides AB in the ratio 
3:4. If PQ = 2, then the length of AB is: 

(A) 60 (B) 70 (C) 75 (D) 80 (E) 85 
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24. Thirty-one books are arranged from left to right in order of increasing 
prices. The price of each book differs by $2 from that of each adjacent 
book. For the price of the book at the extreme right a customer can buy 
the middle book and an adjacent one. Then: 

(A) The adjacent book referred to is at the left of the middle book. 

(B) The middle book sells for $36. 

(C) The cheapest book sells for $4. 

(D) The most expensive book sells for $64. 

(E) None of these is correct. 


25. Triangle ABC is isosceles with base AC. Points P and Q are respectively 
in CB and AB and such that AC = AP = PQ = QB. The number 
of degrees in angle B is: 

(A) 25* (B) 26} (C) 30 (D) 40 

(E) not determined by the information given 


26. For a given arithmetic series the sum of the first 50 terms is 200, and 
the sum of the next 50 terms is 2700. The first term of the series is: 

(A) -1221 (B) -21.5 (C) -20.5 (D) 3 (E) 3.5 


27. Given two equiangular polygons Pi and P 2 with different numbers of 
sides; each angle of P\ is x degrees and each angle of P 2 is kx degrees, 
where k is an integer greater than 1. The number of possibilities for the 
pair (x, k) is: 

(A) infinite (B) finite, but more than two 
(C) two (D) one (E) zero 


28. If 2137 763 is multiplied out, the units* digit in the final product is: 
(A) 1 (B) 3 (C) 5 (D) 7 (E) 9 


29. Let the roots of ax 2 + bx + c = 0 be r and s. The equation with roots 
ar + b and as + b is: 

(A) x 2 bx ac = 0 (B) x 2 — 6x + ac = 0 

(C) x 2 + 3bx + ca + 2b 2 = 0 (D; x 2 + 3 bx - ca + 2V = 0 

(E) x 2 + 6x(2 — a) + (Pc + t?(a + 1) = 0 
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30. If logio 2 — a and logio 3 = 6, then logs 12 equals: 


(A) 


0 + 6 

T+^ 


(B) 


2a+6 

1 + o 


(C) 


a + 26 
1 + 0 


(D) 


2a + 6 
1 — a 


(E) 


a+ 26 
1 — a 


Part 3 


31. In triangle ABC the ratio AC:CB is 3:4. The bisector of the exterior 
angle at C intersects BA extended at P (A is between P and B ). The 
ratio PA:AB is: 

(A) 1:3 (B) 3:4 (C) 4:3 (D) 3:1 (E) 7:1 


32. A regular polygon of n sides is inscribed in a circle of radius R . The area 
of the polygon is 3R 2 . Then ft equals: 

(A) 8 (B) 10 (C) 12 (D) 15 (E) 18 


33. The number of solutions of V* — 3 2v = 55, in which x and y are in¬ 
tegers, is: 

(A) zero (B) one (C) two (D) three 
( E) more than three, but finite 


34. Let 5 be the set of values assumed by the function 

2x + 3 
x+2 

when x is any member of the interval x > 0. If there exists a number M 
such that no number of the set S is greater than M , then M is an upper 
bound of S . If there exists a number m such that no number of the set 5 
is less than m, then m is a lower bound of 5. We may then say: 

(A) m is in 5, M is not in 5. 

(B) M is in 5, m is not in 5. 

(C) Both m and M are in 5. 

(D) Neither m nor M is in 5. 

(E ) M does not exist either in or outside 5. 


35. The number 695 is to be written with a factorial base of numeration, that 
is, 695 = 0 i + 02*21 + 03 * 3 ! + ••• + Qn'nl where 01 , 02 , ••• , a% are 
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integers such that 0 < a* < k y and n\ means n(n — 1) (» — 2) •••2*1. 
Find di. 

(A) 0 (B) 1 (C) 2 (D) 3 (E) 4 


36. In triangle ABC the median from A is given perpendicular to the median 
from B. If BC — 7 and AC = 6, then the length of AB is: 

(A) 4 (B) yl7 (C) 4.25 (D) 2^5 (E) 4.5 


37. In racing over a given distance d at uniform speed, A can beat B by 20 
yards, B can beat C by 10 yards, and A can beat C by 28 yards. Then d , 
in yards, equals: 

(A) not determined by the given information 

(B) 58 (C) 100 (D) 116 (E) 120 


38. Triangle ABC is inscribed in a semicircle of radius r so that its base AB 
coincides with diameter AB. Point C does not coincide with either 
A or B. Let s = AC + BC. Then, for all permissible positions of C: 

(A) s 2 < 8 r 2 (B ) s 2 = 8 r 2 (C) s 2 > Sr 2 

(D) s 2 < 4r2 (E) s 2 = Ar 2 


39. Any five points are taken inside or on a square of side 1. Let a be the 
smallest possible number with the property that it is always possible to 
select one pair of points from these five such that the distance between 
them is equal to or less than a. Then a is: 

(A) \fl/3 (B) yfl/2 (C) 2V2/3 (D) 1 (E) V2 


40. Find the minimum value of xA 2 + y* ^ 5x + 12y = 60. 
(A) M (B) ¥ (C) H (D) 1 (E) 0 



1962 Examination 


Part l 


1. The expression 

5 3 


is equal to: 


(A) (B) 8 (C) ¥ (D) (E) | 


2. The expression -\/5 — \/f is equal to: 

(A) VS/6 (B) -y/S/6 (C) \Z z: l/6 (D) 5VS/6 (E) 1 


3. The first three terms of an arithmetic progression are x — 1, x + 1, 
2x + 3, in the order shown. The value of x is: 

(A) -2 (B) 0 (C) 2 (D) 4 (E) undetermined 

4. If 8 X = 32, then * equals: 

(A) 4 (B) | (C) £ (D) l (E) £ 


5. If the radius of a circle is increased by 1 unit, the ratio of the new cir¬ 
cumference to the new diameter is: 

(A) x+2 (B) —(C) x (D) —~Y~ T_ 2 


6. A square and an equilateral triangle have equal perimeters. The area of 
the triangle is 9Vj square inches. Expressed in inches the diagonal of 
the square is: 

(A) 9/2 (B) 2\/5 (C) 4V2 (D) 9VZ/2 (E) none of these 


7. Let the bisectors of the exterior angles at B and C of triangle ABC meet 
at D . Then the measure in degrees of angle BDC is: 

(A) £(90 — A) (B) 90 — A (C) £(180- A) 

(D) 180- A (E) 180- 2 A 
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8. Given the set of n numbers, n > 1, of which one is 1— (1/n), and 

all the others are 1. The arithmetic mean of the n numbers is: 

(A) 1 (B) * - - (C) «- - 2 (D) 1 —-j (E) 1 — - — - 

n n 2 n 2 n n 2 

9. When £ — x is factored as completely as possible into polynomials and 
monomials with real integral coefficients, the number of factors is: 

(A) more than 5 (B) 5 (C) 4 (D) 3 (E) 2 

10. A man drives 150 miles to the seashore in 3 hours and 20 minutes. He 
returns from the shore to the starting point in 4 hours and 10 minutes. 
Let r be the average rate for the entire trip. Then the average rate for 
the trip going exceeds r, in miles per hour, by: 

(A) 5 (B) 4* (C) 4 (D) 2 (E) 1 

11. The difference between the larger root and the smaller root of 

x? — px+ (f— l)/4 = 0 
is 

(A) 0 (B) 1 (C) 2 (D) p (E)p+1 


12. When ^1- j is expanded, the sum of the last three coefficients is: 

(A) 22 (B) 11 (C) 10 (D) -10 (E) -11 


13. R varies directly as 5 and inversely as T. When R = i and T = A, 
S = Find 5 when R = y/4& and T = \/75. 

(A) 28 (B) 30 (C) 40 (D) 42 (E) 60 


14. Let s be the limiting sum of the geometric series 4 — -f + — • • • , 

as the number of terms increases without bound. Then 5 equals: 

(A) a number between 0 and 1 

(B) 2.4 (C) 2.5 (D) 3.6 (E) 12 


15. Given triangle ^4J5C with base AB fixed in length and position. As the 
vertex C moves on a straight line, the intersection point of the three 
medians moves on: 
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(A) a circle (B) a parabola (C) an ellipse 
(D) a straight line (E) a curve not listed here 

16. Given rectangle Ri with one side 2 inches and area 12 square inches. 
Rectangle R 2 with diagonal 15 inches is similar to Ri. Expressed in square 
inches the area of R 2 is: 

(A) 9/2 (B) 36 (C) 135/2 (D) 9\/l0 (E) 27^10/4 

17. If a = logg 225 and 6 = log 2 15, then a, in terms of 6, is: 

(A) b/2 (B) 26/3 (C) b (D) 36/2 (E) 26 

18. A regular dodecagon (12 sides) is inscribed in a circle with radius r 
inches. The area of the dodecagon, in square inches, is: 

(A) 3r 2 (B) 2r a (C) 3f*V3/4 (D) r*\3 (E) 3r 2 \3 

19. If the parabola y = os 2 + bx + c passes through the points (—1,12), 
(0,5), and (2,-3), the value of <x+6+c is: 

(A) —4 (B) -2 (C) 0 (D) 1 (E) 2 

20. The angles of a pentagon are in arithmetic progression. One of the 

angles, in degrees, must be: 

(A) 108 (B) 90 (C) 72 (D) 54 (E) 36 

Part 2 

21. It is given that one root of 2s 2 + rx + s = 0, with r and s real numbers, 

is 3 + 2i (i = \/—1). The value of s is: 

(A) undetermined (B) 5 (C) 6 (D) —13 (E) 26 

22. The number 12U, written in the integral base 6, is the square of an 

integer for 

(A) 6 = 10, only (B) 6 = 10 and 6 = 5, only (C) 2 < 6 < 10 
(D) 6 > 2 (E) no value of 6 

23. In triangle ABC, CD is the altitude to AB , and AE is the altitude to 
BC. If the lengths of AB , CD, and AE are known, the length of DB is: 
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(A) not determined by the information given 

(B) determined only if A is an acute angle 

(C) determined only if B is an acute angle 

(D) determined only if ABC is an acute triangle 

(E) none of these is correct 

24. Three machines P, Q , and R> working together, can do a job in x hours. 
When working alone P needs an additional 6 hours to do the job; Q , 
one additional hour; and P, x additional hours. The value of x is: 

(A) i (B) H (C) § (D) 2 (E) 3 

25. Given square A BCD with side 8 feet. A circle is drawn through vertices A 
and D and tangent to side PC. The radius of the circle, in feet, is: 

(A) 4 (B) 4V2 (C) 5 (D) 5V2 (E) 6 


26. For any real value of x the maximum value of 8x — 3s 2 is: 
(A) 0 (B) | (C) 4 (D) 5 (E) ^ 


27. Let a © b represent the operation on two numbers, a and 6, which selects 
the larger of the two numbers, with a ® a = a. Let a ® b represent the 
operation which selects the smaller of the two numbers, with a ® a = a. 
Which of the following three rules is (are) correct? 

(1) a © b = b © a, (2) a © (b ® c) = (a ®b) ® c, 

(3) a ® (6 ® c) = (a ® b) ® (a ®c). 

(A) (1) only (B) (2) only (C) (1) and (2) only 
(D) (1) and (3) only (E) all three 


28. The set of x-values satisfying the equation x logloZ = X s /100 consists of: 

(A) Ar, only (B) 10, only (C) 100, only (D) 10 or 100, only 
(E) more than two real numbers. 

29. Whicn of the following sets of x-values satisfy the inequality 

2 **+*< 6 ? 

(A) -2 < x < f (B) x > f or x < -2 
(C) x < § (D) § < x < 2 (E) x < -2 
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30. Form I 

Consider the statements: (1) p A q (2) p A (3) A q 
(4) A ■—' 9 , where p and q are statements. 

How many of these imply the truth of ~(/> A?)? 

(A) 0 (B) 1 (C) 2 (D) 3 (E) 4 

Form II 

Consider the statements: (1) p and q are both true (2) p is true and q 
is false (3) p is false and q is true (4) p is false and q is false. 

How many of these imply the negation of the statement “p and q 
are both true”? 

(A) 0 (B) 1 (C) 2 (D) 3 (E) 4 


Part 3 


31. The ratio of the interior angles of two regular polygons is 3:2. How 
many such pairs are there? 

(A) 1 (B) 2 (C) 3 (D) 4 (E) infinitely many 


32. If x*+i = x* + J for k = 1, 2, •••,«— 1 and xi = 1, find 

+ x t + • • • + Xn- 


(A) 


n+ 1 


(B) 


n+ 3 


(C) 


»*- 1 


(D) 


»* + H 


(E) 


n*+ 3 n 


33. The set of x-values satisfying the inequality 2 < | * — 1 | < 5 is: 

(A) -4< *< -1 or 3< x< 6 

(B) 3<x<6 or -6 < x < -3 

(C) x< -1 or x> 3 

(D) -1 < x< 3 

(E) -4 < x < 6 


34. For what real values of K does x = JP(x — 1) (x — 2) have real roots? 

(A) none (B) -2 < K < 1 (C) -2\5 <K< 2VZ 

(D) K > 1 or K < -2 (E) all 
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35. A man on his way to dinner shortly after 6:00 p.m. observes that the 
hands of his watch form an angle of 110°. Returning before 7:00 p.m. 
he notices that again the hands of his watch form an angle of 110°. 
The number of minutes that he has been away is: 

(A) 36§ (B) 40 (C) 42 (D) 42.4 (E) 45 

36. If both x and y are integers, how many solutions are there of the equation 
(x- 8)(*- 10) = 2 V ? 

(A) 0 (B) 1 (C) 2 (D) 3 (E) more than 3 


37. A BCD is a square with side of unit length. Points E and F are taken 
respectively on sides AB and AD so that AE = AF and the quadri¬ 
lateral CDFE has maximum area. In square units this maximum area is: 

(A) i (B) A (C) U (D) f (E) I 


38. The population of Nosuch Junction at one time was a perfect square. 
Later, with an increase of 100, the population was one more than a 
perfect square. Now, with an additional increase of 100, the population 
is again a perfect square. The original population is a multiple of: 

(A) 3 (B) 7 (C) 9 (D) 11 (E) 17 


39. The medians AN and BP of a triangle with unequal sides are, respec¬ 
tively, 3 inches and 6 inches long. Its area is 3\/l5 square inches. The 
length of the third median, in inches, is: 

(A) 4 (B) 3\fl (C) 3^/6 (D) 6v3 (E) 6\/6 



This diagram contains a hint for the solution. 
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40. The limiting sum of the infini te series 

± + J_ + ± + ... 

10 10 * 10 » 

whose f*-th term is n/10* is: 

(A) i (B) » (C) i (D) « 

(E) larger than any finite quantity 



1963 Examination 


Part 1 

X 

1. Which one of the following points is not on the graph of y = —■— ? 

x+ 1 

(A) (0,0) (B) — 1) (C) (U) 

(D) (—1, 1) (E) (-2,2) 

2. Let n = x — y*”*. Find n when x = 2 and y = —2. 

(A) -14 (B) 0 (C) 1 (D) 18 (E) 256 

3. If the reciprocal of x + 1 is x — 1, then x equals: 

(A) 0 (B) 1 (C) —1 (D) +lor—1 (E) none of these 

4. For what value(s) of k does the pair of equations y = s 2 and y — 3x + k 
have two identical solutions? 

•(A)* (B) -* (C)* (D) -f (E)ior-f 

5. If x and logio * are real numbers and logio * < 0, then: 

(A) * < 0 (B) — 1 < x < 1 (C)0<x<l 

(D) -1 < *< 0 (E) 0 < * < 1 

6. Triangle ABD is right-angled at B. On AD there is a point C for which 
AC — CD and AB = BC. The magnitude of angle DAB, in degrees, is: 

(A) 67* (B) 60 (C) 45 (D) 30 (E) 11\ 

7. Given the four equations: 

(1) 3y — 2x = 12, (2) -2x- 3y = 10, 

(3) 3y + 2x = 12, (4) 2y + 3x = 10. 

The pair representing perpendicular lines is: 

(A) (1) and (4) (B) (1) and (3) (C) (1) and (2) 

(D) (2) and (4) (E) (2) and (3) 
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8. The smallest positive integer x for which 1260* = N 3 , where N is an 
integer, is: 

(A) 1050 (B) 1260 (C) 1260 2 (D) 7350 (E) 44,100 


9. In the expansion of 



the coefficient of a -1/2 is: 


(A) —7 (B) 7 (C) -21 (D) 21 (E) 35 


10. Point P is taken interior to a square of side-length a and such that it is 
equally distant from two consecutive vertices and from the side opposite 
these vertices. If d represents the common distance, then d equals: 







11. The arithmetic mean of a set of 50 numbers is 38. If two numbers of 
the set, namely 45 and 55, are discarded, the arithmetic mean of the 
remaining set of numbers is: 

(A) 38.5 (B) 37.5 (C) 37 (D) 36.5 (E) 36 


12. Three vertices of parallelogram PQRS are P(— 3, —2), Q(l, — 5), 
R(9, 1) with P and R diagonally opposite. The sum of the coordinates 
of vertex 5 is: 

(A) 13 (B) 12 (C) 11 (D) 10 (E) 9 


13. If 2 a + 2 6 = 3 C + 3 d , how many of the integers a, 5, c, d can be negative? 
(A) 4 (B) 3 (C) 2 (D) 1 (E) 0 


14. Given the equations o? + kx + 6 = 0 and s 2 — kx + 6 = 0. If, when 
the roots of the equations are suitably listed, each root of the second 
equation is 5 more than the corresponding root of the first equation, 
then k equals: 

(A) 5 (B) -5 (C) 7 (D) -7 (E) none of these 


15. A circle is inscribed in an equilateral triangle, and a square is inscribed 
in the circle. The ratio of the area of the triangle to the area of the 
square is: 

(A) \£:1 (B) \fl:V2 (C) 3\ft:2 (D) 3:V2 (E) 3:2\£ 
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16. Three numbers a, b , c, none zero, form an arithmetic progression. In¬ 
creasing a by 1 or increasing c by 2 results in a geometric progression. 
Then b equals: 

(A) 16 (B) 14 (C) 12 (D) 10 (E) 8 


17. The expression 



a real, a ^ 0, has the value —1 for: 

(A) all but two real values of y (B) only two real values of y 
(C) all real values of y (D) only one real value of y 

(E) no real values of y 


18. Chord EF is the perpendicular bisector of chord BC> intersecting it in M . 
Between B and M point U is taken, and EU extended meets the circle 
in A. Then, for any selection of U , as described, triangle EUM is similar 
to triangle: 

(A) EFA (B) EFC (C) ABM (D) ABU (E) FMC 


F 



19. In counting n colored balls, some red and some black, it was found that 
49 of the first 50 counted were red. Thereafter, 7 out of every 8 counted 
were red. If, in all, 90% or more of the balls counted were red, the 
maximum value of » is: 

(A) 225 (B) 210 (C) 200 (D) 180 (E) 175 
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20. Two men at points R and S, 76 miles apart, set out at the same time to 
valk towards each other. The man at R walks uniformly at the rate of 
4$ miles per hour; the man at S walks at the constant rate of miles 
per hour for the first hour, at 3f miles per hour for the second hour, 
and so on, in arithmetic progression. If the men meet x miles nearer R 
than S in an integral number of hours, then x is: 

(A) 10 (B) 8 (C) 6 (D) 4 (E) 2 


Part 2 


21. The expression x 2 — y 2 — z 2 + 2yz + x + y — z has: 

(A) no linear factor with integer coefficients and integer exponents 

(B) the factor — x + y + z 

(C) the factor x — y — z + 1 

(D) the factor x + y — z + 1 

(E) the factor x — y + z + 1 


22. Acute-angled triangle ABC is inscribed in a circle with center at 0; 

AB = 120° and BC = 72°. A point E is taken in minor arc AC such 
that OE is perpendicular to AC. Then the ratio of the magnitudes of 
angles OBE and BAC is: 

(A) A (B) i (C) i (D) i (E) t 


23. A gives B as many cents as B has and C as many cents as C has. Similarly, 
B then gives A and C as many cents as each then has. C, similarly, then 
gives A and B as many cents as each then has. If each finally has 16 cents, 
with how many cents does A start? 

(A) 24 (B) 26 (C) 28 (D) 30 (E) 32 


24. Consider equations of the form x 2 + bx + c = 0. How many such equa¬ 
tions have real roots and have coefficients b and c selected from the set 
of integers {1, 2, 3, 4, 5, 6}? 

(A) 20 (B) 19 (C) 18 (D) 17 (E) 16 


25. Point F is taken in side AD of square ABCD. At C a perpendicular is 
drawn to CF, meeting AB extended at E. The area of ABCD is 256 
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square inches and the area of triangle CEF is 200 square inches. Then the 
number of inches in BE is: 

(A) 12 (B) 14 (C) 15 (D) 16 (E) 20 



26. Form I 

Consider the statements 

(1) p A A r (2) ~p A^?Ar 

(3) p A A (4) ~p A q A r, 

where p , g, and r are propositions. How many of these imply the truth of 
(p-+q) -*r? 

(A) 0 (B) 1 (C) 2 (D) 3 (E) 4 

Form II 

Consider the statements (1) p and r are true and q is false (2) r is true 
and p and q are false (3) p is true and q and r are false (4) q and r are 

true and p is false. How many of these imply the truth of the statement 

“r is implied by the statement that p implies q”? 

(A) 0 (B) 1 (C) 2 (D) 3 (E) 4 


27. Six straight lines are drawn in a plane with no two parallel and no three 
concurrent. The number of regions into which they divide the plane is: 

(A) 16 (B) 20 (C) 22 (D) 24 (E) 26 

28. Given the equation 3s 2 — 4x + k = 0 with real roots. The value of k 
for which the product of the roots of the equation is a maximum is: 

(A) V- (B) ¥ (C) * (D) * (E) -i 
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29. A particle projected vertically upward reaches, at the end of t seconds, 
an elevation of s feet where s = 160 / — 16F. The highest elevation is: 

(A) 800 (B) 640 (C) 400 (D) 320 (E) 160 


30. Let 


F = log 


1 + * 


1 - x 

Form a new function G by replacing each x in F by 

3x + s 3 
1 + 3s 2 ’ 

and simplify. The simplified expression G is equal to: 

(A) -F (B) F (C) 3 F (D) F 3 (E) F 3 - F 


Part 3 


31. The number of solutions in positive integers of 2x + 3y = 763 is: 
(A) 255 (B) 254 (C) 128 (D) 127 (E) 0 


32. The dimensions of a rectangle R are a and b y a < b. It is required to 
obtain a rectangle with dimensions x and y, x < a, y < a, so that its 
perimeter is one-third that of F, and its area is one-third that of R . 
The number of such (different) rectangles is: 

(A) 0 (B) 1 (C) 2 (D) 4 (E) infinitely many 


33. Given the line y = \x + 6 and a line L parallel to the given line and 4 
units from it. A possible equation for L is: 

(A) y = f* + 1 (B) y = \x (C) y = j 

(D)y = *x-1 (E)y = ix+2 


34. In triangle ABC, side a = V3, side b = V3, and side c > 3. Let x 
be the largest number such that the magnitude, in degrees, of the angle 
opposite side c exceeds x. Then x equals: 

(A) 150 (B) 120 (C) 105 (D) 90 (E) 60 
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35. The lengths of the sides of a triangle are integers, and its area is also 
an integer. One side is 21 and the perimeter is 48. The shortest side is: 

(A) 8 (B) 10 (C) 12 (D) 14 (E) 16 

36. A person starting with 64 cents and making 6 bets, wins three times and 
loses three times, the wins and losses occurring in random order. The 
chance for a win is equal to the chance for a loss. If each wager is for half 
the money remaining at the time of the bet, then the final result is: 

(A) a loss of (B) a gain of 27 i (C) a loss of 37 1 

(D) neither a gain nor a loss 

(E) a gain or a loss depending upon the order in which the wins and 
losses occur 

37. Given points Pi, P2, • • • , P7 on a straight line, in the order stated 
(not necessarily evenly spaced). Let P be an arbitrarily selected point on 
the line and let s be the sum of the undirected lengths 

PPi, PP2, ••• , PP7. 

Then 5 is smallest if and only if the point P is: 

(A) midway between Pi and P7 (B) midway between P2 and Pe 
(C) midway between P3 and Ps (D) at P 4 (E) at Pi 

38. Point F is taken on the extension of side AD of parallelogram A BCD. 
BF intersects diagonal A C at E and side DC at G. If EF — 32 and 
GF = 24, then BE equals: 

(A) 4 (B) 8 (C) 10 (D) 12 (E) 16 


F 
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39. In triangle ABC lines CE and AD are drawn so that 
CD 3 AE 3 CP 

Tb‘ I “ d S~ 2- ** ,- 7i' 

where P is the intersection point of CE and AD. Then r equals: 
(A) 3 (B) * (C) 4 (D) 5 (E) * 


C 



40. If x is a number satisfying the equation \/x + 9 — \/x — 9 = 3, then 
x 2 is between: 

(A) 65 and 65 (B) 65 and 75 (C) 75 and 85 

(D) 85 and 95 (E) 95 and 105 



1964 Examination 


Part 1 


1. What is the value of [logio (5 logio 100) ] 2 ? 

(A) logio 50 (B) 25 (C) 10 (D) 2 (E) 1 

2. The graph of o? — 4y* = 0 is: 

(A) a parabola (B) an ellipse (C) a pair of straight lines 
(D) a point (E) none of these 


3. When a positive integer x is divided by a positive integer y, the quotient 
is u and the remainder is t>, u and v integers. What is the remainder 
when x + 2 uy is divided by y? 

(A) 0 (B) 2 u (C) Su (D) v (E) 2v 


4. The expression 


P+Q P-Q 
P-Q P+Q ’ 


where P = x + y 

(A)i^ <B) 

xy 


and Q = 

s 2 - y 2 
2 xy 


x- y, 
(C) 1 


is equivalent to: 


(D) 


j^ + y 2 

xy 


(E) 


x?_+ f_ 

2xy 


5. If y varies directly as x , and if y = 8 when s = 4, the value of y when 
* = — 8 is: 


(A) -16 (B) -4 (C) -2 (D) 4&, = ±1,±2, ••• 

(E) 16&, ^ = d=l, dz2, •• • 


6. If x , 2* + 2, 3x + 3, • • • are in geometric progression, the fourth 
term is: 

(A) -27 (B) -13* (C) 12 (D) 13* (E) 27 
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7. Let » be the number of real values of p for which the roots of 

x 2 - px + p = 0 
are equal. Then n equals: 

(A) 0 (B) 1 (C) 2 (D) a finite number greater than 2 

(E) an infinitely large number 

8. The smaller root of the equation (x — f) (x — f) -f (x — f) (x — £) =0 
is: 

(A)-! (BH (C) t (D) i (E) 1 

9. A jobber buys an article at “$24 less 12£%”. He then wishes to sell the 
article at a gain of 33$% of his cost after allowing a 20% discount on 
his marked price. At what price, in dollars, should the article be marked? 

(A) 25.20 (B) 30.00 (C) 33.60 (D) 40.00 (E) none of these 

10. Given a square with side of length s. On a diagonal as base a triangle 
with three unequal sides is constructed so that its area equals that of 
the square. The length of the altitude drawn to the base is: 

(A) sy/2 (B) s/yfl (C) 2i (D) 2Vi (E) 2/y/‘s 

11. Given 2 Z = 8^ and 9 V = 3*~ 9 ; the value of x + y is: 

(A) 18 (B) 21 (C) 24 (D) 27 (E) 30 

12. Which of the following is the negation of the statement: For all x of a 
certain set, x 2 > 0? 

(A) For all x, x 2 < 0 (B) For all x, x 2 < 0 

(C) For no x, x 2 > 0 (D) For some x, x 2 > 0 

(E) For some x, x 2 < 0 

13. A circle is inscribed in a triangle with sides of lengths 8, 13, and 17, 

Let the segments of the side of length 8, made by a point of tangency. 
be r and s, with r < s. Then the ratio r:s is: 

(A) 1:3 (B) 2:5 (C) 1:2 (D) 2:3 (E) 3:4 

14. A farmer bought 749 sheep. He sold 700 of tnem tor the price paid for 
the 749 sheep. The remaining 49 sheep were sold at the same price per 
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head as the other 700. Based on the cost, the percent gain on the entire 
transaction is: 

(A) 6.5 (B) 6.75 (C) 7.0 (D) 7.5 (E) 8.0 


15. A line through the point (—a, 0) cuts from the second quadrant a 
triangular region with area T. The equation of the line is: 

(A) 2Tx+ a 2 y + 2aT = 0 (B) 2 Tx-a 2 y+2aT = 0 
(C) 2 Tx + a*y - 2aT = 0 (D) 2Tx - a?y - 2aT = 0 
(E) none of these 

16. Let/(x) = x* + 3x + 2 andlet Sbethesetof integers{0,1,2, ••• ,25}. 
The number of members s of S such that f(s) has remainder zero when 
divided by 6 is: 

(A) 25 (B) 22 (C) 21 (D) 18 (E) 17 


17. Given the distinct points P(x i,yi), Q(xt,yt) and P(xi+X 2 , yi+yx). 
Line segments are drawn connecting these points to each other and to 
the origin O. Of the three possibilities: (1) parallelogram (2) straight line 
(3) trapezoid, figure OPRQ , depending upon the location of the points 
P, Q, and R, can be: 

(A) (1) only (B) (2) only (C) (3) only (D) (1) or (2) only 
(E) none of the three possibilities mentioned 


18. Let n be the number of pairs of values of b and c such that 
3x + by + c = 0 and cx — 2y + 12 = 0 
have the same graph. Then n is: 

(A) 0 (B) 1 (C) 2 (D) finite but more than 2 

(E) greater than any finite number 


19. If 2x — 3y — z = 0 and x + 3y — 14z = 0, % 0, the numerical 

value of (x 2 + 3xy)/(y 2 + z 2 ) is: 

(A) 7 (B) 2 (C) 0 (D) -20/17 (E) -2 


20. The sum of the numerical coefficients of all the terms in the expansion of 
(x - 2y) 18 is: 

(A) 0 (B) 1 (C) 19 (D) -1 (E) -19 
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Part 2 

21. If log6* x + log** 6=1, b > 0, b 5 * 1, * 5 * 1, then x equals: 
(A) 1/W (B) 1 Jb (C) 6* (D) b (E) y/b 


22. Given parallelogram ABCD with £ the midpoint of diagonal BD . 
Point £ is connected to a point F in DA so that DF = $ZL4. What is 
the ratio of the area of triangle DFR to the area of quadrilateral ABEF? 

(A) 1:2 (B) 1:3 (C) 1:5 (D) 1.6 (E) 1:7 


23. Two numbers are such that their difference, tl eir sum, and their product 
are to one another as 1:7:24. The product of the two numbers is: 

(A) 6 (B) 12 (C) 24 (D) 48 (E) 96 

24. Let y = (x — a) 2 + (x — 6) 2 , a, b constants. For what value of x 
is y a minimum? 

d + b f - lo? 4* d “j~ b 

(A) —j— (B )a+b (C)Vri (E) 

25. The set of values of m for which x 2 + 5xy + x + my — m has two factors, 
with integer coefficients, which are linear in x and y, is precisely: 

(A) 0, 12, —12 (B) 0,12 (C) 12,-12 (D) 12 (E) 0 


26. In a ten-mile race First beats Second by 2 miles and First beats Third 
by 4 miles. If the runners maintain constant speeds throughout the 
race, by how many miles does Second beat Third? 

(A) 2 (B) 2\ (C) 2| (D) 2} (E) 3 


27. If x is a real number and \x — 4|+|x — where a > 0, then: 

(A) 0 < a < .01 (B) .01 < a < 1 (C) 0 < a < 1 

(D) 0 < a < 1 (E) a > 1 


28. The sum of n terms of an arithmetic progression is 153, and the common 
difference is 2. If the first term is an integer, and n > 1, then the number 
of possible values for n is: 

(A) 2 (B) 3 (C) 4 (D) 5 (E) 6 
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29. In this figure Z RFS = Z FDR> FD = 4 inches, J9R = 6 inches, 
FR = 5 inches, FS = 7§ inches. The length of RS , m inches, is: 

(A) undetermined (B) 4 (C) 5£ (D) 6 (E) 

R 



30. The larger root minus the smaller root of the equation 

(7 + 4\fl)s 2 + (2 + V3)s -2 = 0 
is 

(A) -2 + 3V3 (B) 2 - V3 (C) 6 + 3VJ 

(D) 6 — 3v5 (E) 3VS + 2 


Part 3 


31. Let 


t/ \ 5 + 3 V5/1 + VS\" , 5 - lV$(\ - >/5\ n 

An) =-i ; + ■ 

Then f(n + 1) —/(» — 1), expressed in terms of/(n), equals: 

(A) |/(n) (B) /(») (C) 2/00 + 1 (D) /*(») 

(E) i(/ 2 (n) ~ 1) 


32. If 


a + 5 
6 + c 


c d 
d + a 1 


then: 


(A) a must equal c (B) a + b + c + d must equal zero 

(C) either a = c or a+^+c+d=0, or both 

(D) a+b+c+dj *'0 if a = c 

(E) a(6 + c d) = c(a -f- 6 + d) 



36 


THE MAA PROBLEM BOOK II 


33. P is a point interior to rectangle A BCD and such that PA = 3 inches, 
PD = 4 inches, and PC = 5 inches. Then PB , in inches, equals: 

(A) 2VS (B) 3 yJl (C) 3^ (D) 4V5 (E) 2 



34. If n is a multiple of 4, the sum s = 1 + 2* + 3** + • •• + (» + 1)***, 
where i = 1, equals: 

(A) 1 + t (B) }(« + 2) (C) }(» + 2 - m) 

(D) §[(»+ 1)(1 — i) + 2] (E) J(» 2 + 8 — 4nt) 


35. The sides of a triangle are of lengths 13, 14, and 15. The altitudes of the 
triangle meet at point H . If AD is the altitude to side of length 14, the 
ratio HD: HA is: 

(A) 3:11 (B) 5:11 (C) 1:2 (D) 2:3 (E) 25:33 


36. In this figure the radius of the circle is equal to the altitude of the equi¬ 
lateral triangle ABC. The circle is made to roll along the side AB t 
remaining tangent to it at a variable point T and intersecting sides A C 
and BC in variable points M and N , respectively. Let n be the number 
of degrees in arc MTN . Then », for all permissible positions of the circle: 


(A) varies from 30° to 90° 

(B) varies from 30° to 60° 

(C) varies from 60° to 90° 

(D) remains constant at 30 ( 

(E) remains constant at 60 ( 
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37. Given two positive numbers a, b such that a < b. Let A.M. be their 
arithmetic mean and let G.M. be their positive geometric mean. Then 
A.M. minus G.M. is always less than: 


(6 a) 2 (b -f- a) 2 


(C) 


(b — a) 8 
ab 


(D) 


8a 


(E) 


(b-a ) 2 

Sb 


38. The sides PQ and PR of triangle PQR are respectively of lengths 4 
inches.and 7 inches. The median PM is 3j inches. Then QR , in inches, is: 

(A) 6 (B) 7 (C) 8 (D) 9 (E) 10 


39. The magnitudes of the sides of triangle ABC are a, 6, and c, as shown, 
with c < b < a. Through interior point P and the vertices A, B, C, 
lines are drawn meeting the opposite sides in A\ B' f C', respectively. 
Let 5 = A A' + BB f + CC . Then, for all positions of point P, 5 is 
less than: 

(A) 2 a+b (B) 2 a+c (C) 2 b+c (D) a + 2b 

(E) a + b + c 


B 



40. A watch loses 2\ minutes per day. It is set right at 1 P.M. on March 15. 
Let n be the positive correction, in minutes, to be added to the time 
shown by the watch at a given time. When the watch shows 9 A.M. 
on March 21, n equals: 

(A) 14ft (B) 14-fr (C) 13ft* (D) 13^ (E) 13ft 




1965 Examination 


Part 1 

1. The number of real values of x satisfying the equation 2 2 * 1 "’ 73 * 6 = 1 is: 

(A) 0 (B) 1 (C) 2 (D) 4 (E) more than 4 

2. A regular hexagon is inscribed in a circle. The ratio of the length of a 
side of the hexagon to the length of the shorter of the arcs intercepted 
by the side, is: 

(A) 1:1 (B) 1:6 (C) l:x (D) 3:t (E) 6:t 

3. The expression (8l)"" (2_,) has the same value as: 

(A) * (B) i (C) 3 (D) 81 (E) 81* 

4. Line fe intersects line h and line 1% is parallel to l\. The three lines are 
distinct and lie in a plane. The number of points equidistant from all 
three lines is: 

(A) 0 (B) 1 (C) 2 (D) 4 (E) 8 

5. When the repeating decimal 0.363636 • • • is written in simplest fractional 
form, the sum of the numerator and denominator is: 

(A) 15 (B) 45 (C) 114 (D) 135 (E) 150 

6. If 10 logl °® = Sx + 5, then x equals: 

(A) 0 (B) h (C) | (D) | (E) 2 - ^° 8 - ~ 5 

7. The sum of the reciprocals of the roots of the equation ay? + bx + c = 0 
is: 

(A) - + - (B) -- (C) - (D) -- (E) -- 

a b be b c 

8. One side of a given triangle is 18 inches. Inside the triangle a line segment 
is drawn parallel to this side forming a trapezoid whose area is one-third 
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of that of the triangle. The length of this segment, in inches, is: 

(A) 6^6 (B) 9VZ (C) 12 (D) 6VS (E) 9 

9. The vertex of the parabola y = r* — 8.r + c will be a point on the z-axis 
if the value of c is: 

(A) -16 (B) -4 (C) 4 (D) 8 (E) 16 

10. The statement s 2 — x — 6 < 0 is equivalent to the statement: 

(A) —2 < x < 3 (B) s > -2 (C) s < 3 

(D) x > 3 and x < —2 (E) x > 3 or x < —2 

11. Consider the statements: 

I: (V=4)(V=16) = V(~4)(~16), 

II: V(-4)(~16) = -s/64, 
and 

III: -s/64 = 8. 

Of these the following are incorrect 

(A) none (B) I only (C) II only (D) III only 

(E) I and III only 


12. A rhombus is inscribed in triangle ABC in such a way that one of its 
vertices is A and two of its sides lie along AB and AC.li AC = 6 inches, 
AB = 12 inches, and BC = 8 inches, the side of the rhombus, in inches, is: 

(A) 2 (B) 3 (C) 3J (D) 4 (E) 5 


13. Let n be the number of number-pairs (x, y) which satisfy 5y — 3x = 15 
and o? + y 2 < 16. Then n is: 

(A) 0 (B) 1 (C) 2 (D) more than two, but finite 

(E) greater than any finite number 


14. The sum of the numerical coefficients in the complete expansion of 
(s 2 — 2 xy + y 2 ) 7 is: 

(A) 0 (B) 7 (C) 14 (D) 128 (E) 128 2 
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15. The symbol 25& represents a two-digit number in the base b. If the 
number 52*, is double the number 25*, then b is: 

(A) 7 (B) 8 (C) 9 (D) 11 (E) 12 


16. Let line AC be perpendicular to line CJ5. Connect A to the midpoint D 
of CE y and connect E to the midpoint B of AC. If AD and EB intersect 
in point F, and BC =* CD = 15 inches, then the area of triangle DFEy 
in square inches, is: 

(A) SO (B) 50\E (C) 75 (D) (E) 10P 


17. Given the true statement: The picnic on Sunday will not be held only 
if the weather is not fair. We can then conclude that: 

(A) If the picnic is held, Sunday’s weather is undoubtedly fair. 

(B) If the picnic is not held, Sunday’s weather is possibly unfair. 

(C) If it is not fair Sunday, the picnic will not be held. 

(D) If it is fair Sunday, the picnic may be held. 

(E) If it is fair Sunday, the picnic will be held. 


18. If 1 — y is used as an approximation to the value of 

tt~ > lyl< 1 * 

1 + y 

the ratio of the error made to the correct value is: 


(A) y (B) y> (C) 


1 


l + y 


(D) 


l + y 


(E) 


1 + y 


19. If x* + 4** + + r is exactly divisible by x* + 3x* + 9x + 3, 

the value of (p + q)r is: 

(A) -18 (B) 12 (C) 15 (D) 27 (E) 45 


20. For every n the sum of n terms of an arithmetic progression is 2» + 3»*. 
The r** 1 term is: 


(A) 3f* (B) 3r* + It (C) 6r- 1 (D) 5r+5 (E) 6r+2 
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Part 2 


21. It is possible to choose x > f in such a way that the value of 


is: 


logio (s 2 + 3) — 2 logio x 


(A) negative (B) zero (C) one 

(D) smaller than any positive number that might be specified 

(E) greater than any positive number that might be specified 


22. If d 2 0 and r and 5 are the roots of ao + a\x + at# = 0, then the 
equality a 0 + a\x + ai# = ao(l — x/r)( 1 — x/s ) holds: 

(A) for all values of x, ao 7* 0 (B) for all values of x 

(C) only when x = 0 (D) only when x = r or x = s 

(E) only when x = r or x = s, ao 7 * 0 

23. If we write | s 2 — 4 | < N for all x such that | x — 2 | < 0.01, the 
smallest value we can use for N is: 

(A) .0301 (B) .0349 (C) .0399 (D) .0401 (E) .0499 

24. Given the sequence 10 I/U , 10 2/11 , 10® /11 , • • • , 10 n/n , the smallest value 
of n such that the product of the first » members of this sequence exceeds 
100,000 is: 

(A) 7 (B) 8 (C) 9 (D) 10 (E) 11 


25. Let ABCD be a quadrilateral with AB extended to E so that AB = BE. 
Lines i4C and CE are drawn to form angle ACE. For this angle to be a 
right angle it is necessary that quadrilateral ABCD have: 

(A) all angles equal (B) all sides equal (C) two pairs of equal sides 
(D) one pair of equal sides (E) one pair of equal angles 

26. For the numbers a, 5, c , d t e, define m to be the arithmetic mean of all 

five numbers; k to be the arithmetic mean of a and 6; l to be the arith¬ 
metic mean of c, <J, and e; and p to be the arithmetic mean of k and l. 

Then, no matter how a, b , c, d, e are chosen, we shall always have: 

(A) m — p (B) m> p (C) m> p 

(D) m < p (E) none of these 
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27. When y 2 + my + 2 is divided by y — 1 the quotient is /(y) and the 
remainder is fa. When y 2 + my + 2 is divided by y + 1 the quotient 
is g(y) and the remainder is fa. If fa = fa then m is: 

(A) 0 (B) 1 (C) 2 (D) —1 (E) an undetermined constant 


28. An escalator (moving staircase) of n uniform steps visible at all times 
descends at constant speed. Two boys, A and Z, walk down the escalator 
steadily as it moves, A negotiating twice as many escalator steps per 
minute as Z. A reaches the bottom after taking 27 steps while Z reaches 
the bottom after taking 18 steps. Then n is: 

(A) 63 (B) 54 (C) 45 (D) 36 (E) 30 


29. Of 28 students taking at least one subject, the number taking Mathe¬ 
matics and English only equals the number taking Mathematics only. 
No student takes English only or History only, and six students take 
Mathematics and History, but no English. The number taking English 
and History only is five times the number taking all three subjects. 
If the number taking all three subjects is even and non-zero, the number 
taking English and Mathematics only is: 

(A) 5 (B) 6 (C) 7 (D) 8 (E) 9 


30. Let BC of right triangle ABC be the diameter of a circle intersecting 
hypotenuse AB in D. At D a tangent is drawn cutting leg CA in F. 
This information is not sufficient to prove that 

(A) DF bisects CA (B) DF bisects Z CD A 

(C) DF= FA (D) LA = LBCD (E) LCFD = 2 LA 
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Part 3 


31. The number of real values of x satisfying the equality 
(logo *) (lOgft *) = logo b, 

where a and b are positive constants different from 1, is 

(A) 0 (B) 1 (C) 2 (D) an integer greater than 2 

(E) not finite 


32. An article costing C dollars is sold for $100 at a loss of x percent of the 
selling price. It is then resold at a profit of x percent of the new selling 
price S'. If the difference between S' and C is dollars, then x is: 

(A) undetermined (B) (C) 10 (D) (E) ■ L § iL 


33. If the number 151, that is, 15* 14* 13 • • • 1, ends with k zeros when given 
to the base 12 and ends with h zeros when given to the base 10, then 
k + h equals: 

(A) 5 (B) 6 (C) 7 (D) 8 (E) 9 


34. For x > 0, the smallest value of 


4x* + Sx + 13 
6(1 + x) 


is: 


(A) 1 (B) 2 (C) « (D) V (E) V 


35. The length of a rectangle is 5 inches and its width is less than 4 inches. 
The rectangle is folded so that two diagonally opposite vertices coincide. 
If the length of the crease is y/6, then the width is: 

(A) v2 (B) y/3 (C) 2 (D) V5 (E) VW2 


36. Given distinct straight lines OA and OB. From a point in OA a per¬ 
pendicular is drawn to OB; from the foot of this perpendicular a line is 
drawn perpendicular to OA. From the foot of this second perpendicular 
a line is drawn perpendicular to OB; and so on indefinitely. The lengths 
of the first and second perpendiculars are a and b y respectively. Then 
the sum of the lengths of the perpendiculars approaches a limit as the 
number of perpendiculars grows beyond sill bounds. This limit is: 


(A) 


(B) 


(C) 


ab 


(D) 


ft 2 


(E) 


a — b 


a — b 


a — b 


a — b 


a- b 



44 


THE MAA PROBLEM BOOK II 


37. Point E is selected on side AB of triangle ABC in such a way that 
A E: EB =1:3 and point D is selected on side BC so that CD: DB =1:2. 
The point of intersection of AD and CE is F . Then 


EF AF 
FC + FD 


is: 


(A) * (B) i (C)f (D) 2 (E) f 


B 



38. A takes m times as long to do a piece of work as B and C together; 
B takes n times as long as C and A together; and C takes x times as 
long as A and B together. Then x , in terms of m and n, is: 


(A) 


2mn 
m + ft 


(B) 


1 

2 (m + n ) 


(C) 


1 

m + n — mn 


(D) 


1 — mn 
m + n + 2 mn 


(E) 


m + tt + 2 
mn — 1 


39. A foreman noticed an inspector checking a 3"-hole with a 2"-plug and 
a l"-plug and suggested that two more gauges be inserted to be sure 
that the fit was snug. If the new gauges are alike, then the diameter, d , 
of each, to the nearest hundredth of an inch, is: 

(A) .87 (B) .86 (C) .83 (D) .75 (E) .71 
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40. Let n be the number of integer values of x such that 
P = ** + 6x*+ ll**+3*+31 
is the square of an integer. Then n is: 

(A) 4 (B) 3 (C) 2 (D) 1 (E) 0 
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1961 Solutions 


Part 1 

1. (C) (-xk)- 2/3 = (—125) 2/3 = ((—125) 1/3 ) 2 = (—5) 2 = 25. 

2. (E) D (yards) = R (yards per minute) X T (minutes); 

_ (1/3) •(«/«) , 10« 

D - 7/k 3 " T ' 

3. (E) Let mi be the slope of the line 2y + x + 3 = 0, and mj the slope 

of the line 3y + ax + 2 = 0. For perpendicularity, mim 2 = — 1; 



4. (B) u is not closed under addition since, for example, 1 + 4=5 and 5, 
not being a perfect square of an integer, is not a member of u . 
Similarly, u is not closed under division or positive integral root 
extraction. But u is closed under multiplication because, if m 2 
and n 2 are elements of «, m 2 *» 2 = (m») 2 is a member of u (u con¬ 
tains the squares of all positive integers and mn is an integer). 


* The letter following the problem number refers to the correct choice of the five 
listed in the examination. 
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5. (C) Consider the binomial expansion 

(a + l) 4 = a 4 + 4a 3 + 6a 2 + 4a + 1. 
Let x — \ = a. Then S = (x — 1 + l) 4 = x 4 . 

6. (E) log 8 -5- log l = log 8 -f- (log 1 — log 8) 

= log 8 (—log 8) = — 1. 


7. (A) Since (r + s) 6 = r* + 6r>$ + 15HS 2 + ••• , we have, setting 


a , Vc 

r = — and s =-- 




in the third term, 


/ a V / Vx \ 2 15 

15 U) ( W "7" 


OR 


Use the formula 

n(n — 1) ••• (n — & + 1) 




1-2 ••• £ 

for the (£ + l)th term of (r + s) n . For n = 6 and k = 2, we have 
6-5/a \ 4 / \£\ 2 15 


6-5/aV / _ 15 

1-2\W \ a 2 ) ~ x' 


8. (B) Since B + C 2 = 90° and A + Ci = 90°, B + C 2 = A + Cx. 

Ci — C 2 = B — A . 

9. (C) r = (2a) 26 = ((2a) 2 ) 6 = (4a 2 ) 6 ; also r = a b *x b = (ax) 6 

(ax) 6 = (4a 2 ) 6 , ax = 4a 2 , x = 4a. 

10. (D) BE? = BLP + DE?, BD = 6, DE = JIM = £-6V3 = 3VS. 

/. BE 2 = 36 + 27 and BE = (63) 1/2 . 

11. (C) p (perimeter of triangle APR) = AP + PQ + RQ + RA f and 

PQ = PB and RQ = RC. 

p = AP+ PB+ RC+ RA = AB+ AC = 20+ 20 = 40. 
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12. (A) In a geometric progression, each term is r times the preceding one. 
So in this case, r = 2 1/3 /2 1/2 = 2 1/3 “ I/2 = 2~ I/8 . Thus, the fourth 
term is r-2 1 ' 8 = 2~ 1 / 8 2 1 ' 8 = 2° = 1. 


13. (E) (f 4 + Z 2 ) 1 ' 2 = + 1)P = (*)'*(* + l) 1 ' 2 = I /1 (1 + f 2 ) 1 ' 2 . 


14. (E) Let the diagonals have lengths d and 2d, and let the side have 
length s. Then \d*2d = K or d 2 = K. Since 

i, "* + © , " JC+ i"T’ s= ^ 5 K y 2 - 


15. (B) Since x men working jc 2 hours produce x articles, one man working 

oc 2 hours produces one article. Therefore, one man produces 1 /jc 2 
part of one article in one hour. Let n be the number of articles 
produced by y men working y hours a day for each of y days. Then 

1 y 3 

ft = y.y.y.— = — . 

16. (E) Let d be the amount taken from the base b. Then 

i(b — d)(h+ tn) = %'\bh. 

Solving for d, we obtain 

b(2m + h) 

2(k + m) 


17. (D) We are given that 1000 m.u. — 340 m.u. = 440 m.u. (base r). 
Therefore 

1-r 3 + 0-r 2 + 0-r + 0 - (3^ + 4r + 0) = 4r> + 4r + 0. 

So 

r 3 - 7r> - 8r = 0, r 2 - 7r - 8 = 0 r = 8. 


440 
+ 340 

1000; 

since 4+4 terminates in 0 in this system, the base is 8, that is, 
r = 8. 
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18. (A) Let P be the original population. Then, 

after 1 year the population is 1.25P 
after 2 years the population is (1.25) (1.25) P 
after 3 years the population is (1.25) (1.25)(.75)P 
after 4 years the population is 

(1.25) (1.25) (.75) (.75) P = %&P. 


The net percent change is 


ioo = £ x loo - - 12 . 


19. (B) Writing 2 log x as log x 2 , we obtain the abscissas of the inter¬ 
section points by solving the equation x 2 = 2x. Since the possible 
values of x are restricted to positive numbers, there is but one 
root, namely 2. Hence, the graphs intersect only in (2, log 4). 


20. (A) The set of points satisfying the inequalities y > 2x and y > 4 — x 
is the hatched region shown. 



21. (D) Area (A MNE) = * Area (AMAE) 

= Area (AC<4£) 

= i-H Area (AABC). 

•• ^ “ A- 
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22. (C) If x— 3 is a factor of 3 jc* — 9s 2 + foe — 12 = P{x), then x = 3 

is a root of P(z) = 0, i.e. P(3) = 0; but 

P(3) = 3-3 3 - 9-3 2 + 36 - 12 = 36 - 12 = 0 

implies k = 4. Divide 3z? — 9s 2 + 4* — 12 by s — 3 and obtain 
3**+ 4. 

OR 

The remainder, when P(x) is divided by x — 3, is zero if and 
only if 12 = 3k, so k = 4 and the quotient is 3a^+ k = 3s 2 + 4. 

23. (B) Since P divides AB in the ratio 2:3, 

AP:AB = 2:5 and ,40: ,45 = 3:7. 

AQ — ,4P _ 

,45 “ 35* 

Since PQ =* ~ = 2, = 70. 

24. (A) Let the prices, arranged in order from left to right be P, P + 2, 

P + 4, • • • , P + 58, P + 60. The price of the middle book is 

P + 30. Then either 

P+30+P+32= P+60 or P + 30 + P + 28 = P + 60. 

The first equation yields a negative value for P, an impossibility. 
The second equation leads to P = 2, so that (A) is the correct 
choice. 

25. (A) Represent the magnitude of angle B by m. Then, in order, we 

obtain angle QPB = m, angle AQP = 2m, angle QAP = 2m, 
angle QPA = 180 — 4 m, angle 4 PC = 3m, angle 4 CP = 3m. 
Since angle BCA = angle BAC = 3m, the sum of the angles in 
AABC is m + 3m + 3m — 7m — 180°. m = 25f\ 

26. (C) 200 = ^(a+ a+ 49 d) and 2700 = Y((<*+ 50d) + (a+ 99d)). 

Solve these equations simultaneously to obtain a = —20.5. 

27. (D) The minimum number of sides in a polygon is 3, so the smallest 

possible value for the angle x is 60°. The next largest possible 

value for x is 90° and belongs to a four-sided polygon. Each angle 
of a (convex) polygon is less than 180°, so kx < 180°. Since k 
is an integer greater than 1, the pair x = 60°, k = 2 furnishes a 
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solution: x = 60°, kx = 120° < 180°; Pi is a triangle, a hexagon. 
But if x > 60° or if k > 2, kx > 180°; so there are no other 
solutions. 


28. (D) The final digits for (2137) n are respectively 1 if n = 0, 7 if n = 1, 
9 if w = 2, and 3 if » = 3. For larger values of » these digits 
repeat in cycles of four. 

/. (2137)™= (2137) 4 ' 188+1 = (2137 4 ) 188 * (2137) ! . 

The final digit of (2137 4 ) 188 is 1 and the final digit of (2137) 1 is 7. 
The product yields a final digit of 1*7=7. 


29. (B) We have r + s = —b/a and rs = c/a. The equation with roots 

at + b and as + b is (x — (ar + b)) (x — (as + b)) = 0. 

.’. x? — ( a(r + s) + 2 b)x + a?rs + ab(r + s) + ft 2 = 0. 

••• ’’-(«(-;)+ 4 + 40 + “ (" 0 +^ - °- 

t? — bx + ac = 0. 

30. (D) Let log6 12 = x\ then 5 Z = 12, so x logio 5 = logio 12. 

logio 12 2 logio 2 + logio 3 2a + b 

.*. x =---= -. 

logio 5 logio 10 — logio 2 1 — a 


Part 3 

31. (D) Draw PA' so that ZBPC= AA'PC\ then Ai4CP^Ai4'CP 
(as a) and AC = A'C , PA = PA'. Since PC bisects /.BP A' 
in ABPA', 

BC PB BC PB 4 

CA' ~ PA' ° f CA ~ PA ~ 3 

AB — PB — PA since A is between P and B. 

AB PB PA 4 1 PA 

-----1 = - , so —- = 3. 

PA PA PA 3 3 AB 
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32. (C) The area of the regular polygon is \ap, where 

180° , „ . 180° 

a — R cos- and p = ns = iv2R sin-. 

n it 

180 ° „ Ti • 180 ° 

/. 3 R 2 = %R cos- *2nR sin-. 

n n 


6 180° 180° 360° 

= 2 sin-cos-= sin-, 

n n n n 

where n is a positive integer equal to or greater than 3. Of the 
possible angles the only one whose sine is a rational number is 30°. 
n = 12. To check, note that = \ = sin = sin 30°. 

OR 

The area of the polygon is n times the area of one triangle whose 
vertices are the center of the circle and two consecutive vertices 
of the polygon; 

1o9 . 360° L f 6 .360° 

/. 32c 2 = n-f/c 2 sm- or, as before, - = sin-. 

n rt n 


33. (B) 


22*- ^ = (2 X + 3 y )(2 X — 3*0 = 11-5 = 55-1 
2 X + 3 y = 11 2 X + 3 y = 55 

2 X — 3* = 5 2* — 3 y = 1 


2*2 X = 16 This system does not 
_ yield integral values 

* ° for x and y. 
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34. (A) Let 


y = 


2x + 3 
x+2 ’ 


2x + 4 - 1 2(x + 2) - 1 1 

•\ y =-= —--- = 2-. 

x+2 x+2 x+2 

From the form 



we see that y increases as x increases for all x > 0. Thus the 
smallest value of y is obtained when x = 0 . /. m = § and w is in 5. 
As x continues to increase, y approaches 2 but never becomes 
equal to 2. M = 2 and M is not in 5. 


35. (D) 695 = * 1 + 02 ( 2 - 1 ) + o 3 (3-2-l) 

+ 04 ( 4 * 3 * 2 * 1 ) + 06 ( 5 * 4 * 3 - 2 * 1 ), 

that is, 695 = a\ + 2 a 2 + 6 a 3 + 24a* + 120*6 with 0 < a* < k, 
so a 6 must equal 5 (in order to obtain 695), and a 4 ^ 4 because 
5*120 + 4*24 > 695. Also a 4 cannot be less than 3, since, for 
* 4 = 2 , we have 2-24+3*6+ >2 + 1 < 95. /. *4 = 3. Check: 
5*120 + 3*24 + 3-6 + 2-2 + 1 = 695. 


36. (B) From the diagram we have 4a 2 + V = 9 and a 2 + 4ft 2 = 

5o 2 + 5ft 2 = Y. a 2 + b 2 = V. Since AB 2 = 4a 2 + 4ft 2 = 17, 
we have AB = (17) 1/2 . 
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, x d - 20 d- 28 

(4) -=-. 

Vb Vc 

Divide equation (4) by d/vB and use (2) to obtain 



/. d = 100. 


38. (A) Let AC = h and BC = /. Then h 2 + P = 4r 2 . Since s = h + /, 
s 2 = h 2 + P + 2hl = Ar 2 + 2hl, where 2hl is 4 times the area of 
A ABC. The maximum area of A ABC occurs when h = l = r\5. 
/. ^< 4 ^+ 4 ^ = Sr 2 . 


39. (B) The greatest distance between two points P\ and Pi is the length 
of a diagonal, \£. Place Pi, A, Pz, P\ at the four comers. For the 
fifth point Pj to be as far as possible from the other four points, 
it must be located at the center of the square. The distance from 
Pi to any of the other four points is £V2. Location of the points 
inside the square will yield distances between pairs of points, the 
smallest of which is less than 


40. (A) The minimum value of (s 2 + y 2 ) 1/2 is given by the perpendicular 
OC from 0 to the line 5x + 12y = 60. From similar triangles, 

OC 12 60 

— = —. OC = -. 

5 13 13 


OR 

Let R = (x 2 + y 2 ) 172 . Then, since 5* + 12y = 60, y = 5 — iV* 
and 


/ 25 25 \ 1/2 

R = (* 2 +25 - x+—A 

\ 6 144 / 

The minimum value of R occurs when yf* — ft *= 0. 


tmin 


r / 25 \* _ p / * 

= i 25 -yj 


60 

13* 



1962 Solutions 


Part 1 

1. (D) The numerator is equal to 1, the denominator is | i 
and 1 -5- 


MA)(r _ (r , f _| 


4V3 - 3v 5 _ v3 
6 6 ' 


3. (B) Let d be the common difference; then 

d = (x + 1) — (x — 1) = 2, 
and 

d - (2* + 3) — (x + 1) = x + 2. 
x + 2 = 2. * = 0. 

OR 

2(x+1) =* (x—i) + (2x+3), 2x+2 = 3x+2, x = 0. 

4. (B) 8* = 32. (2 s ) 1 =2*. 2 s * = 2 s . 3x = 5, x = f. 

5. (C) The ratio of the circumference of any circle to its diameter is a 

constant represented by the symbol x. 


6. (D) Let s be the length of the side of the triangle; then its area is 
(\#/4)s* * 9V3, so j * 6. Since its perimeter 3r = 18 is equal 
to that of the square, the side of the square is ^ the 

diagonal of the square is 9V2/2. 


7. (C) 2 Z6 = 180°- ZB, 

2 Zc -= 180°- ZC, 

Z6 + Zc = 180°- i (ZB + ZC). 
But 

ZB + ZC = 180°- ZZ, 

ZJ> + Zc « 180° - i(180° - Z.A), 
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ABDC = 180°- (Ab + Ac) 

= 180° - [180° - §(180° - ZA)2 
= £(180° - A A). 



D 


8. (D) Let 5 be the sum and M(=s/n) be the arithmetic mean of the 
given numbers. Since the number of l’s is n — 1, 

s = (n — 1) (1) + 1- ==«--. 

n n 


M = 


tt — 1/n 



9. (B) *»- * = 1) = x(x 4 + 1)(*<- 1) 

= x(x*+ 1)^+ l)(x+ l) (x 1). 


10. (A) Let R be the average rate for the trip going. Then 

150 

R = —r“ = 45 (miles per hour), 

3j 

300 

r = — = 40 (miles per hour), 

*2 

£ — r = 45—40=5 (miles per hour). 
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11. (B) The roots are 


P + 1 
2 


and 


P - * 
2 


The difference between the larger and the smaller root is 1. 


12. (C) The last three terms of the expansion of (1 — 1/a)® correspond, 
in inverse order, to the first three terms in the expansion of 
(—l/a+ l) 6 - These are 

and the sum of the coefficients is 1 — 6 + 15 = 10. 

OR 


Expanding completely we have 

6 , 15 20 15 6 1 

1-b —-r H—r-: H—;; 


15 - 6 + 1 = 10. 


13. (B) The relation between R , 5, and T can be represented by 

5 RT 

R = k — or — = k, 

T S 

where k is a constant which can be calculated from the given set 
of values: 

b - - 2 

* 

When R = (48) :I/2 , T = (75) 1 ' 2 , then 

RT (48) l/2 (75) 1/2 

S =-= — = 30. 

k 2 


14. (B) Since 


1 + a + a 2 + • • • = 


1 


1 - a 

when | a I < 1, the required limiting sum is 
4 


1 - (-» 


= 2.4. 
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15. (D) Let the vertex C move along the straight line l\. For any position 
Ci of the vertex on Zi, the centroids (intersection of the three 
medians) G and Gi of triangles CAB and C\AB have the property 
CG = $ CM and CiGi = \C\M so the line GGi is parallel to line 
CCi. (If a line divides two sides of a triangle proportionally, it 
is parallel to the third side.) Therefore, as C moves along Zi, G 
moves along Z 2 which is a line parallel to l\. 


C C, 



16. (C) The sides of Ri are 2 inches and 6 inches and the square of its 
diagonal, d 2 , equals (? -f 2 2 (=40). Since the rectangles are similar, 


area R 2 _ Z) 2 
area Ri <P 


225 135 

area R 2 = —• 12 = — , 
40 2 


17. (B) Since a = logs 225, 8 a = 225, 2 to = 15 2 ; 

b = log 2 15, 2 h = 15, 2 2b = 15 2 ; 

•\ 2 to = 2 26 , 3a =25, a = 


2b 


18. (A) The dodecagon can be decomposed into 12 congruent triangles 
like triangle OAB shown. (AB is a side of the polygon.) 

r 2 

Area (ACMB) = \rh = \r*r sin 30° = Jf- = — ; 

2 4 

•*. Area (dodecagon) = 12— = 3r 2 . 

4 

B 
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19. (C) By substituting into the given equation the three given sets of 
x , y-values, we obtain three equations in a, 6, and c, namely, 
a — 6 + c = 12, c = 5, and 4a + 26 + c = —3. Solve the first 
and third equations for a and 6, using for c the value 5 from the 
second equation. The values obtained are a = 1, 6 = — 6, c = 5, 
and the sum oLthese is zero. 


20. (A) Let the degree measurement of the angles be represented by 
a— 2d , a— d, a, a-h tf, a-f- 2(L Then 5a = 540° and a = 108°. 


Part 2 


21. (E) Since the given equation has coefficients which are real numbers, 
the second root must be 3 — 2 1 . Therefore, the product of the roots 
is 


* « (3 + 2i)(3 — 2»). 5 = 26. 

OR 

Substitute 3 + 2i for x in the given equation. 

2(3+2t) 2 +r(3+2t) + s = 0, 

10 + 3r + 5 + t*(24 + 2r) = 0 + <W. 

.*• 24 -f- 2r = 0, r = —12 and 10 -b 3r -h s = 0, 5 = 26. 

22. (D) 12H = 1-6 2 + 2-6 + 1 = b 2 + 26 + 1 = (b + l) 2 . 

The expression (6 + 1) 2 is, of course, a square number for any 
value of 6. Since, however, the largest possible digit appearing in a 
number written in the integral base 6 is 6 — 1, the possible values 
for 6 do not include 1 and 2. Therefore, 6 > 2 is the correct answer. 


23. (E) When angles A and B are acute and angle C is either acute, obtuse, 
or right, triangles ABE and CBD are similar. Since AB } CD, 
and AE are known, CB can be found. Now, by applying the 
Pythagorean theorem to triangle CBD , where CB and CD are 
known, we can find DB . 

When angle A is obtuse the same analysis holds. 

When angle B is obtuse, triangles ABE and ADC are similar. 
From this fact and the given lengths, CA can be found. Next AD 
can be found with the aid of the Pythagorean theorem. Finally, 
DB = AD — AB. 
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When either angle A or angle B is right, the problem is trivial. 
In the former case, DB = AB\ in the latter, DB = 0. 

24. (A) Since l/x represents the fractional part of the job done in 1 hour 

when the three machines operate together, and so forth, 

—-|-—+ —= * 

x+ 6 x+ 1 x+ x x 

or, more simply, 

—+ —— — = o. 

x + 6 x + 1 2x 

2x(x + 1) + 2x(x + 6) — (x + 6)(x + 1) = 0; 

3^ + 7x - 6 = 0, x = §. 

25. (C) r 2 = 4 2 + (8 — f) 2 

16r = 80 
r = 5. 


26. (E) Transform the expression Sx — 3s 2 into 



The maximum value of this last expression occurs when the term 
—3(x — *J) 2 is zero. Therefore, the maximum value of Sx — 3s 2 

OR 

Let y = — 3X 2 + 8x. The graph of this equation is a parabola 
with a highest point at (£ , . Therefore, the maximum value 

of —3x 2 + Sx is*^. 
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27. (E) The correctness of rule (l) is obvious. To establish rule (2) observe 
that the left side selects the largest of all three numbers by com¬ 
paring a with the larger of b and c , while the right side selects the 
largest of all three by comparing c with the larger of a and 6. 

To establish rule (3), suppose first that a is the smallest of the 
three numbers. Then the left side selects it. Each parenthesis on 
the right selects it and the larger of two equal numbers a is a. 
If b or c is smallest, say b , then the left side selects the smaller of 
a and c f and so does the right. If c is the smallest, we argue the same 
way. 


28. (D) Take logarithms of both sides to the base 10. 

(logio x) (logio x) = 3 logio x — logio 100 
or 

(logio x) 2 — 3 logio x + 2 = 0. 

Solve this quadratic equation in y = logio x. y 2 — 3y + 2 = 0, 
y = 2 or 1. /. logio x = 2 or 1; x = 10 2 = 100 or x = 10 1 = 10. 


29. (A) 2x>+x< 6, **+■"< 3, *?+*. + ^ < 3+ 

2 2 16 10 

(*+*)*<«, l*+ll<i, 

that is, 

x + i < i and x + } > — i. 
x < f an d x > —2. 


30. (D) Form I. Since A q) = V statements (2), (3), 

and (4) are each correct. 

Form II. The negation of the statement “p and q are both true” 
means that either p is true and q is false, or p is false and q is true, 
or p is false and q is false. Therefore, the statements (2), (3), 
and (4) are each correct. 
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Part 3 


31. (C) Let N and n, respectively, represent the numbers of the sides of 
the two polygons. Then their angles are related by 

(N — 2)180° 3 (n- 2)180° , 4 n 

N ~ 2 n ‘ 6- n’ 

To find N we need try for n only the values 3,4, 5 (why?). We thus 
obtain « = 3, N = 4; n = 4, N = 8; n = 5, N = 20, three 
pairs in all. 


32. (E) Since x*+i = xt + % and x\ = 1, *2 = *i + J = t, 
*3 = *2 + $ = 7, *4 = *3 + i = §, • • * 


Xn = 


n+ 1 
2 


The required sum is, therefore, 


-+-+-+ 
2 2 2 


+ 


n+ 1 


= i(2 + 3+ ••• + n+ n+ 1) 

= + 2 + ••• + ») + ~ 

1 «(n + 1) n _ n 2 + 3n 
~ 2 2 h 2 ~~ 4 * 


33. (A) The inequality 2 < | x — 1 ) < 5 means that, when x — 1 is 
positive, then x — 1 < 5 and x — 1 > 2, and that, when s — 1 
is negative, then x — 1 > — 5 and x — 1 < — 2. Solve each 
of these four inequalities. 

x < 6 and x > 3 or 3 < x < 6, and 

x > —4 and x < —1 or —4 < .t < -1. 


34. (E) Since * = - 3x + 2), XV - * (3X 2 + 1) + 2X 2 = 0. 

For x to be a real number the discriminant must be greater than 
or equal to zero, i.e. K 4 + 6 K 2 + 1 > 0. This is true for all values 
of K. 
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35. (B) Let x be the number of degrees the hour hand has moved during 
the time interval. Then in the same interval, the minute hand has 
moved 12x degrees. But the minute hand has moved 220 + x 
degrees; hence 220 + x — 12x or x = 20 and the minute hand 
has moved 220 + x = 240 degrees. Since a movement of 6° cor¬ 
responds to a time interval of 1 minute, the number of minutes 
that have elapsed is 240/6 = 40. 



36. (C) (x - 8)(x- 10) = 2 V , x 2 - 18x + 80 - 2" = 0. 

18 db [(18) 2 - 4(80 - 2*)I 1 ' 2 
.% x = - • — - --— = 9 ± (1 + 2*)’/*; 

x is an integer if and only if 1 + 2 y is the square of an integer n, 
that is, 1 + 2 V = n 2 or 

2 y = n 2 — 1 = (n — 1) (n + 1). 

The two factors on the right must be consecutive even integers; for, 
if they were both odd, their product would be odd and so could not 
be a power of 2. Moreover, since the product (n — 1) (n + 1) is 
a power of 2, each factor must be a power of 2. The only pairs 
of consecutive even integers, each having no prime factors except 2, 
are (—4, —2) and (2, 4), i.e. n = =L3. In either case 

n 2 — 1 = 8 = 2*, so y — 3. 

Consequently, x — 9 =L 9 I/2 , so x = 12 or x * 6, and the two 
solutions (x, y) are (12, 3) and (6, 3). 


37. (D) Let x be the common length of AE and AF. 

Area (EGC) = i(1 - x)(l), 

Area ( DFEG) = xp-~ ^ x ^ ~~ 

Area {CDFE) - i(l + ^ ” s 2 ) 

-*[*« (^-^+i)] 

= t-i(^-i) 2 - 
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The maximum value of this expression is f. See solution of prob¬ 
lem 26. 



38. (B) Let N be the original population. Then 

N = x?, + 100 = y 2 + 1, and N + 200 = a 2 , 

x, y, z are integers. 

Subtract the first equation from the second to obtain 
100 = y 2 - x 2 + 1 or y 2 - x 2 = 99. 

(y-f x)(y — x) = 99*1 or 33*3 or 11-9. Try y + x = 99 
and y — x — 1; then y = 50, x = 49. N = 49* = 2401, 
a multiple of 7. Furthermore, N + 100 =* 2501 = 50 2 + 1 and 
N+ 200 = 2601 = 51 2 . 

With either of the other two sets of factors you obtain a value 
of N which satisfies the first and second conditions ot the problem, 
but not the third. 


39. (C) Since the diagonals of the quadrilateral ADBG bisect each other, 
it is a parallelogram. 

i Area (ADBG) = Area (ABG) = \ Area (ABC) = (15) 1 ' 2 , 
i Area (ADBG) = Area (AGD) = [ 5(5 — a) (s — g)(s — d)J 1/2 , 
where a, g, d are the lengths of the sides of A AGD, and 
2s = a + g + d. 


C 
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From the given information, we know that 

a = 2x, g = 4, d = 2, so s = 3 + x. 

If we substitute in the above formula, we obtain 

[(3 +x)(3- *)(*- 1)(*+ l)] 1 ' 1 = (15 )'l* 

and, squaring both sides, 

(x 2 - 1)(9 — x 2 ) = 15 
or 

x 4 - lOx 2 + 24 = (x 2 - 4)(x* - 6) = 0; 

x 2 = 4 or 6, so x = 2 or 6 l/2 and Cif = 6 or 3(6) 1/2 . However, 
since the median BP = 6, and the triangle has unequal sides, we 
must reject this solution and retain CM = 3(6) 1/2 . 


40. (B) Write the given series as: 


±+J_ + _L + _L + 

10 10 * 10 » 10 4 

+ J_ + _L + J_ + 
10 s 10» 10 4 

+ i^ + io 4 + 


and so forth. 


Let s\ be the limiting sum of the first-row series, 52 , that of the 
second-row series, and so forth. 


si = 


1/10 


1 


1 — ( 1 / 10 ) 9 * 


_ (1/IQ 2 ) _ 

S * ” 1 - (1/10) ~ 90’ 

s (1/10 3 ) » 

S * 1 - (1/10) 900 ’ 

and so forth. Therefore, the required limiting sum equals 

1 , 1 , _L , 1/9 10 

9 + 90 + 900 ^ 1 — (1/10) 81' 



1963 Solutions 


Part 1 


1. (D) Since 


X 

^+1 

is not defined when the denominator is zero, and since the de¬ 
nominator x + 1 equals zero when x = —1, any point whose 
abscissa is — 1, such as (— 1, 1), can not be on the graph. 

2. (A) » = 2 - (-2)*-<-« = 2 - (—2) 4 = 2 — 16 = -14. 


3. (E) Since 


1 

x+1 


= x - 1 , 


x 2 — 1 = 1, x 2 = 2, 


*=*+\E or —\5. 


4. (D) For t? = 3x + k to have two equal roots, its discriminant 9 + 4fc 
must equal zero; k = — $. 


5. (E) Choices (A), (B), and (D) must be rejected since the logarithm 
of a negative real number is not defined (on this level of mathe¬ 
matical study). Choice (C) must be rejected since log 1 = 0. 
Choice (E) is the correct one since log x, for 0 < x < 1, exists 
and is a negative real number. 

OR 

Since it is given that logio x < 0, then x< 10° ( = l). This result, 
together with the fact that (on this level) log x is defined only for 
x > 0, leads to choice (E). 


6. (B) BC is the median to the hypotenuse AD, and is, therefore, equal 
to one-half the hypotenuse. AB = BC — AC, and, conse¬ 
quently, the magnitude of angle DAB is 60°. 


7. (A) Two lines are perpendicular when the product of their slopes 
is —1. Since the slopes are, respectively, f, —— f, —f, and 
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sin ce (l)(“f) = — 1, lines (1) and (4) are perpendicular. 

OR 

Two lines, a\x + by = c\ and <w + hy = <*, are peroendicular if 
uiu*H“ W* =0. In (l) a\ = —2, = 3, and in (4) a* = 3, = 2, 

so that aids H“ — —6 -f- 6 = 0. 

8. (D) 1260* = (2*2*3*3*5*7)*, and this is a cube only if the exponent of 
each of its different prime factors is 3. Therefore, 

*= 2-3-5 2 -7*= 7350 

is the smallest x such that 1260x is a cube. 


9. (C) (a - ±J = a 7 - 7a"' 1 + 21a* - 35a 5 '* 


+35a - 21 + 7<r* - <r 7/ *. 


(r + l)th term = ^^a 7_T (—a~ 1/2 ) r =■ db^^fl 7-p - T/2 . 


We need 



.*. 0th term = 


7»6*5»4*3 

1-2-3-4-5 


a 2 (—a)~* /2 = — 21at 1/2 
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11. (B) Since the arithmetic mean of the 50 numbers is 38, the sum of the 
50 numbers is 60 X 38 = 1900. When the two numbers 45 and 55 
are removed, 48 numbers with a sum of 1800 remain. Therefore, 
their arithmetic mean is • L |^ Q - — 37.5. 

OR 

ai+ 02 H-+ * 48 + 100 = 50-38 = 50(36+2) = 50-36+ 50-2. 

.*. a\ + a* + ••• + 048 = 50-36 = 48-(new A.M.). 

, . „ 50-36 

.\ (new) A.M. =-= 37.5. 


12. (E) The sum of the ^-coordinates of P and R equals the sum of the x- 
coordinates of Q and S, and, similarly, for the y-coordinates. 
.*. x + 1 = 6, x = 5 and y — 5 = — 1, y = 4. •*. x + y = 9. 

OR 

Let S z be the s-coordinate of 5 and Sy , the y-coordinate of S, 
and, similarly, for P, Q , and P. Then, by congruent triangles, 
Qx — Rz = Px — Sz, 1 — 9 = —3 — S x , S x = 5. Similarly 
Sy = 4. /. S X + Sy = 9. 


13. (E) We shall show successively that it is impossible that (i) precisely 
one of the integers a , b, c , d be negative, (ii) that precisely two 
be negative, (iii) that precisely three be negative, (iv) that all 
four be negative. We may then conclude that none of the four 
integers can be negative. Whenever we assume that a, b, c or d 
is negative, we shall set —a = a, —6 = 0, — c = y, —d =5 so 
that the greek letters will always denote positive integers. 

(i) If exactly one of the numbers were negative, one side of 
the given equation 2° + 2 b = 3 C + 3 d would be an integer, 
the other not; so this possibility is ruled out. 

(ii) (a) Suppose a < 0, b < 0 and c > 0, d > 0; then the right 

side is an integer > 2 while the biggest value the left side 
can have is 1 (for a = b = — 1). 

(b) If c < 0, d < 0 and a > 0, 5 > 0, the left side is at 
least 2 while the right is at most f. 

(c) If a < 0, c < 0 and b > 0, d > 0, we may write 


2 « 


1 


3 7 


3 7 - 2 « 
2*3 7 


= 3 d - 2 h = » 


(an integer) 


or 


37 — 2 a = 2 a 3 7 «. 
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The right side of this equation is even, the left is odd 
(since it is the difference of an odd and an even number. 
The case 6 < 0, d < 0, a > 0, c > 0 may be handled 
in exactly the same manner. 

(iii) It suffices to examine the two cases 

(A) only a > 0, (B) only c > 0. 

In case A, we write 

1 1 1 2*3* + 2*3* - 3*+* 

2 ® =---- 1 - 

3* 3* 2* 2*3 rf * 


or 


= n (an integer) 
2*(3* + 3*) - 3*+* = 2*3*+*w; 


the integer on the left is odd, that on the right is even. 
In case B, we write 


3* 


i+i-I 

2- 2* 3* 


2*3* + 2 a 3* — 2®** 
2^*3* 


= n (an integer) 
or 

3*(2® + 2*) - 2«** = 2®+*3*n; 

the integer on the right is divisible by 3, that on the left 
is not. 


(iv) If all integers are negative, we write 

If a 5 ^/ 3 , say a < 0, reduce the equation to 

(1 + 2*-®) 3** * = (3* + 3*)2*, 

where the left side is odd, the right even. 

If a = 0, our equation becomes 

2°* 1 3*+* = (3* + 3*)2*®; 

when a = 1, this is equivalent to 3*-3* = 3* + 3* which 
is false for all 7 , 6. When a > 1, we have a — 1 > 0, 
so our equation implies 

3*+* = 2*~ 1 (3* + 3*), 

which states that an odd number is equal to an even number* 
All possibilities have now been ruled out. 
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14. (A) Let the roots of the first equation be r and s. Then r + s = — k and 
rs = 6. Then, for the second equation, r+5 + $+ 5 = jfe and 
(r + 5) (5 + 5) = 6 . Therefore rs + 5 (r + $) + 25 = 6 , 
6+ 5(-£) + 25 = 6, k = 5. 

OR 

Let r be one of the roots of the first equation; then r + 5 is the 
associated root of the second equation. 

/. if + 5) 2 — k(r + 5 ) + G — 0 , 

r*+ (10- k)r+ 31 - 5k = 0. 

But r satisfies the first equation so that r 2 + + 6 = 0. 

•\ 10 — k = k and 31 — 5k = 6. 

Each of these equations leads to the result k = 5. 


15. (C) Let S , 5 , r, respectively, represent the magnitudes of a side of the 
equilateral triangle, a side of the square, and a radius of the circle. 
Since S = 2rVj and s = rV2, the area of the triangle is 

4 

and the area of the square is (rV2) 2 ( = 2^). The required ratio 
is, therefore, 3v5:2. 


16. (C) Since a, 6, c are in A.P., 2b = a + c. Since a + 1, 5, c are in 
G.P., b! 2 = c(a + 1). Similarly, ft 2 = a(c + 2). c = 2a, 
a = §5, ^ = ibl 2 + ^ = 12. 


17. (A) The expression is not defined for y = a and for y = — a. For 

all other values, we may simplify the fraction by multiplying 
numerator and denominator by (a + y)(a — y), obtaining 

q 2 — ay ay + y 2 __ a 2 + y 2 _ 

ay — y 2 — a? — ay — (a 2 + y 2 ) 

18. (A) Triangle EFj 4 is a right triangle (since EF is a diameter) with 

angle E as one of its acute angles. Triangle EUM is a right triangle 
with angle E as one of its acute angles. Therefore, triangle 
EFA ~ triangle EUM. 
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19. (B) 


49 + j(» - 50) ^ 9 
» - 10 ' 


n < 210. 


20. (D) Let h = number of hours in which they meet. Then 

\h + J*[2-¥+ (h- l)*] = 76, A 2 + 30A — 304 = 0, A = 8. 

The meeting point is, therefore, 36 miles from R and 40 miles 
from S, so that x = 4. How would you solve this problem without 
the assumption that A is an integer? 


Part 2 

21. (E) x 2 — y 2 — r? + 2y* + * + y — i 

= x* — (y 2 — 2yz + t?) + x + y — t 
= x* — (y — a) 2 + * + y — * 

— (x+y — *)(x— y + r) + x+ y— z 
= (x + y — a)(x — y + b + 1). 

22. (D) Minor arc AC = 360° - (120° + 72°) = 168°, 

and 

ZBOE = 72° + 168°/2 = 156°. 

In isosceles triangle EOB, each base angle is J(180° — 156°) = 12°. 
ABAC = i*72° = 36°, so 

Z QBE 12 1 

ABAC _ 36 _ 3' 


23. (B) If o, b, c, respectively, represent the initial amounts of A, B, C, 
then the given conditions lead to the following: 


After 

Transaction 

A has 

B has 

C has 

I 

a—b—c 

2b 

2c 

II 

2 (a-b-c) 

2b — (a— b — c)— 2c 
( = 3 b—a—c) 

Ac 

HI 

4 (a—b—c) 

2(3 b-a-c) 

Ac — 2{a — b — c )— {3b— a —c) 
( = 7 c-a-b) 
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Consequently 

4 (a-b-c) = 16, 6b-2a-2c = 16, 7 c-a-b= 16. 


Solving this set of 

equations, you obtain 

a = 26, 

b * 14, c = 8. 



OR 



Working from the 

last condition to the 

first, we 

may set up the 

following table: 





Amounts 

Step 4 

Step 3 

Step 2 

Step 1 

a 

16 

8 

4 

26 (required) 

b 

16 

8 

28 

14 

c 

16 

32 

16 

8 


24. (B) If 5* — 4c > 0, then the roots are real. Tabulating the possibilities, 

we have 19 in all as follows: 

When c is selected to be: 6 ( 

The possible values for b are: 5 ( 

The number of possible 2 

values for b are: 

25. (A) ACDF = ACBE {CD = CB , angle Z7CE = angle BCE), 

.% CF = CE. 

Area (ACEE) = \CE-CF = = 200. 

/. CE 2 = 400. 

Area (square) = CB 2 = 256. 

Since B& = C&- CB 2 = 400 - 256 = 144, EE = 12. 

26. (E) The implication {p —> q) —> r is true when (i) the consequent, r, 

is true and the antecedent, p q, is either true or false, and 
(ii) the consequent is false and the antecedent is false. 

The implication p—> q is true when (i) the consequent, q, is 
true and the antecedent, p , is either true or false, and (ii) the 
consequent is false and the antecedent is false. 

In (1) p—>q is false and r is true so that (p-*q)’->r is true. 

In (2) p—> q is true and r is true, so that {p—*q) —» r is true. 

In (3) p —» q is false and r is false so that (p —» q) —» r is true. 

In (4) p—+q is true and r is true, so that (p —* q) —> r is true. 
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27. (C) Let ft be the number of lines and r the number of regions. It is 
not too difficult to discover the rule that r = \n(n + 1) + 1. 
For n = 6, r = £*6*7 + 1 = 22. Hint: (1) for one line there are 
two regions, that is, one more than the number of lines; (2) note 
what happens to the regions when a line is added. 


28. (D) The product of two numbers whose sum is a fixed quantity is 
maximized when each of the numbers is one-half the sum. Since 
the sum of the roots is $, the maximum product, is obtained 
when each of the roots is \. Therefore, k/3 = so that k = 

OR 

Solving the given equation for k/3 (the product of the roots), 
we have k/3 = £x — x 2 = $ — (§ — x) 2 . The right side of this 
equation is a maximum when x = }, so that k/3 is a maximum 
when x — $. k/3 (max) = £•$ — v = & k (max) = £. 

OR 

The product of the roots is k/3. We seek the largest possible k 
consistent with real roots of the given equation. For real roots 
16 — 12k > 0, so that i > k. Hence the desired k is 


29. (C) The abscissa of the maximum (or minimum) point on the parabola 
ax 2 + bx + c is — b/2a . For the given parabola 160/ — 16fi, 
— b/2a = —160/— 32 = 5, and the value of s when / = 5 is 400. 

OR 


Since 


5 = 160/ - 16/ 2 , 

5 = 400 - 400 + 160/ - 16/ 2 = 400 - 16(5 - /) 2 . 

The right side of this equation is a maximum when 5 — / = 0. 
Therefore, 5 (max) = 400. 


30. (C) Since 


1 + 


1 - 


3x+ x 3 
1 + 3X 2 
3x+ x* 


1 + 3x + 3X 2 + x* 
1 - 3x + 3X 2 - x 3 


(i + *)• _ /I + x\* 

(1 - x) 8 \i-x>r 


1 + 3X 2 
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we have 


/I + x\* 1 + x 

G = log (——) = 3 log --= 3F. 

\1 — X/ 1 — X 

Part 3 

31. (D) Solving 2x + 3y = 763 for x, we have 

763 - 3y 


Since s is a positive integer, 763 — 3y must be a positive even 
number, so that y must be a positive odd integer, such that 3y < 763. 
There are 254 multiples of 3 less than 763, half of which are even 
multiples and half, odd multiples. Therefore, there are 127 possible 
solutions to the given equation under the stated conditions. 

OR 

2x + 3y = 763, x + y + iy — 381 + §, \y = iV’ + 

y=2N+l; * = 380- 3 N. 

For 380 - 3N > 0, N < 126f so that N = 0, 1, 2, •• • , 126, 
a total of 127 solutions. 


32. (A) From the given conditions we have 

(l) 3(x + y) = a + b and (2) 3xy = ab. 

Divide the left side of equation (l) by 3 xy and the right side bv ab: 
1111 
y x b a 

This is impossible since x < a < b and y < a < b. 


33. (A) There are two possibilities, L\ and L 2 . The methods for finding 
the equation of I * are similar to the methods for finding the equa¬ 
tion of L\ shown here: Since L\ is parallel to the line y = \x + 6, 
its equation is y = f x + b, where b, the y-intercept, is to be de¬ 
termined. Since AABC~ AD AO (see figure on page 78), 


AB 

AD 


AC 
DO' 


so that 


AB 

lo~ 


4 

- and 
8 


AB = 5. 



78 


THE MAA PROBLEM BOOK II 


Hence 6=1, and the equation of L\ is y = f* + 1. 

OR 

Let di be the distance from the origin to L\ and let d be the distance 
from the origin to the given line. Then 

46 24 24 46 

di= — and d — — . .\ d — d\ =-= 4, and 6=1. 

5 5 5 5 



34. (B) The vertex angle C opposite the base c of isosceles triangle ABC 
with a = 6 = V3 increases as c increases. Since c > 3, C is greater 
than the vertex angle C in triangle A'B'C with a' = 6' = 
and c f = 3. The altitude C r D has length 

[3- (i)*;p = f -j, 

so LA = LB = 30°, and LC = 120° = x. 



OR 


The altitude C2> of triangle ZBC bisects Z C; since c > 3, 


sin = 


f/2>VS 

y/S~ 2' 
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Angle $C is acute since /.C < 180°, and the sine of an acute angle 
is an increasing function. Hence 

VJ 

K > arc sin — = 60°, 

2 

sox = 120°. 

OR 

c* = a* + ft 2 — 2 ab cos C, 

__ a 2 ~h y — c 2 _ 3 + 3 — c 2 _ 6 — <? 

°° S lab ~ ~ 6 

where c 2 > 9. .*. cos C < —so that ZC> 120°. 


35. (B) Let the lengths of the sides be 21, x, 27 — x, and let the altitude 
to the given side divide it into segments of lengths y and 21 — y. 
Then the square of the altitude may be expressed by 

x 2 — y 2 = (27 — x) 2 — (21 — y) 2 . 

Simplifying, we obtain 48 — 9x + 7y = 0. 


x 


5 + 


3+ 7 y 
9 


The smallest integer y that makes x an integer is y = 6, and, for 
this value, x = 10. For the next admissible value y = 15, x = 17, 
so that 27 — x = 10. For larger values of y, we obtain sides which 
cannot belong to triangles. 



36. (C) Let Mo represent the number of cents at the start. Suppose the 
first bet results in a win; then the amount at the end of the first 
bet is \Mo + Mo = $Mo. Let M\ = %Mq. Suppose the second 
bet results in a win; then the amount at the end of the second bet 
is \M\ + Mi = flfi = ($) 2 3fo. Hence, a win at any stage results 
in an amount $ times the amount at hand at that stage. 

If the first bet results in a loss, the amount at the end of the first 
bet is %Mo- Let m = iMo* Suppose the second bet results in a loss, 
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then the amount at the end of the second bet is m/2 = (£) 2 Afo. 
Hence, a loss at any stage results in an amount \ times the amount 
at hand at that stage. 

For three wins and three losses, in any order, the amount 
left is (§) 3 (£) 8 Jfo = §t3/o- Consequently, the amount lost is 
Mo — %%Mq = UMo. Since Mo = 64 cents, the amount lost is 
37 cents. 


37. (D) Consider first a single segment P 1 P 2 ; in this case the point P 
can be selected anywhere in the segment since, for any such selection, 
$ = PP\ + PP 2 = PiP*- Now consider the case of two segments 
with end-points Pi, P 2 , P 3 ; the smallest value of s is obtained by 
choosing P to coincide with P 2 since, for this selection, 

*= P 1 P 2 + P 2 P 3 

whereas, for any other selection, s > P 1 P 2 + PtP%- These two 
cases are quite typical. In fact, for any even number n = 2k of 
points, P should be located somewhere on the segment P*P*+i; 
and for an odd number n = 2k + 1 of points, P should coincide 
with P*+i. To see this, compute the sum of distances PP* when P 
is in the position suggested above and observe that, when P is 
moved either to the right or to the left, that sum increases. 

OR 

We now give a lengthy but systematic solution. Suppose the points 
Pi (i = 1, 2, ••• , 7) lie along the x-axis and have coordinates x%. 
Let x be the coordinate of an arbitrary point P; then the distance 
from P to Pk is | x — xt |. We are to determine the position of P 
so that 

\x—xi\+\x — xt\+*"+\x — Xi\ 
is as small as possible. 

We shall solve this problem for any number n of points and 
specialize the solution to the case n = 7. We first find the value 
of x which minimizes the function 


/Or) = I x — *l|+|x — *2 1 + •••+!* — Snl = L Is— 

i—1 


for given numbers x% such that x\ < x% < • • • < x n > We claim 
that f(x) is a continuous piecewise linear function; that is, its 
graph is made up of line segments. To see this, recall that 


I a— * I 


a — b if a > b 


b — a if a < b 
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and write /(x) as follows: 
for x < xi, 

/(x) = XI— X + X 2 — *+•••+ *n — x 


= — nx + £x» 


for xi < x < X 2 , 


/(x) = X — Xl “b X2 — x + • • • + Xn — X 


(2 — »)x + 


n 


Lx< 2xi 

i-l 


for X* < x < x**i, 

/(x) = X— XI + ••• + x Xjfc + Xk+l— X + ••• + Xn — x 
n * 

= (2k — n) x + £x t * ~ 2 £x* 

i-l i-l 


for Xn < X, 

/(x) = X — Xl+ X ~ X2 + • • • + X— Xn = «X — £x». 

i-l 


In each interval, j(x) is of the form mx + b> hence a piece of 
a line with slope m. As x goes from left to right, the slopes take 
the integer values —2 — ••• , 2& — n, ••• , n, that is, 

as x passes one of the values x*, the slope of the graph jumps by +2. 
When the slope is negative, /(x) decreases; when it is positive, 
/(x) increases. To see that / is continuous, either verify from 
the above formulas that the line segments meet at endpoints x* of 
intervals, or simply notice that each distance | x — xj \ is a con¬ 
tinuous function and so the sum of such distances is continuous, 
/(x) has a minimum when it stops decreasing and begins increasing. 

If n is even, say n = 2m, then the graph of /(x) has a horizontal 
segment from Xm to x»*+i (the slope is 2m — 2m = 0) along which 
/(x) is least. If n is odd, say n = 2m + 1, /(x) has a lowest value 
at Xm+i, where the graph has a comer; Xm+i separates the decreasing 
part (ending with slope 2m — (2m + 1) == — 1) from the increasing 
part (beginning with slope 2(m + l) — (2m + 1) = 1). 

We conclude: If n is even, the point P that minimizes / may 
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be taken anywhere on the segment P n /*P<n/2)+i> if » is odd, 

P must be taken at P<w+d/j. In particular, if n = 7, choose P to 
coincide with P4. 

(The accompanying figure represents the graph of /(x) for a 
special case of 5 points.) 


fcx) 



38. (E) Let BE = x, DG = y, AB = 6. Since ABPA 



Since AFDG~ ABCG, 

24 _y_ 

* + 8 5— y ’ 


8 b x 86 

— , y = 6- 


24 6(x- 8) 

x + 8 x* (86/x) 


x 2 - 64 = 192, x = 16. 


A GEC t 

6(x- 8) 
x 


x— 8 


8 1 


Note: Try to prove generally that 


1 

BE 



1 

ip* 
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39. (D) Draw DR || AB. 

CR _ CD _ 3 ED _ CD _ 3 
RE ~ DB~ i ’ ~EB~~CB~ 4 ’ 

/. CE = 3EE = 3EP + 3PE and ED = f EE, 

CP = CE + EP = 4EP + 3 PE. 

Since AEDP~ AEA P, 

EP ED „ EP X A£ 

— = — , ED =-. 

PE AE PE 

But AE = §££. 

RP 

.-. ED = —•*££. 

PE 

RP 

A f£B = *££•—, RP = JP £, 

CP 

CP = 4-JPE + 3PE = 5PE; — = 5. 


C 
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40. (C) (x + 9) 1/3 — (x — 9) 1/8 = 3. Cube both sides and obtain 
*+9-3(x+9) 2 ' 3 (x-9 ) 1 ' 3 

+ 3(* + 9) 1 / 3 (a; - 9 ) 2 / 3 - * + 9 = 27 
which, when simplified, becomes 

9 = -3(*+ 9) 1 / 3 (a; — 9) 1 / 3 [(a; + 9) 1 / 3 - (x - 9) 1 / 3 ] 

= — 3 (x 2 — 81) 1/3 [3]. 

/. (s 2 - 8 I ) 1 / 3 = - 1 , s 2 = 80. 

OR 


Let u = (x + 9) 1/3 , » = (x — 9) I/3 . then u — v = 3, 

(u — v) 2 — u 2 — 2uv + ir 2 = 9, and 
« 3 — r 3 = a: + 9 — (a; — 9) = 18 = (« — v) (« 2 + iw + u*) 

= 3(i* 2 + uv + 1 ?), 
u 2 + uv + v 2 = 6 . 

But u 2 — 2m; + v 2 = 9, 

3m; = —3, uv = — 1. Also, 

(« + ») 2 = w 2 + + 1 ? = (« — v) 2 + 4 m; =9—4=5, 

u + v = 5 1/2 , 1 * — 1 ; = 3, so 2w = 3 + 5 1/2 . 

Hence 

(2u)* = 8«3 = 72 + 32(5) 1/2 = 8(* + 9) = 8s + 72 
a: = 4(5) ^ 2 , ar 2 = 80. 



1964 Solutions, 


Part 1 


1. (E) [Iogio (5 logic 100)? = [logic (5-2)? = 1* = 1. 

2. (C) 4y* = (z+2y)(*-2;y) = 0. 

/. x + 2y = 0 or x — 2y = 0. 

The graph of each equation is a straight line, so that the correct 
answer is (C). 


3. (D) Dividend = Divisor-Quotient + Remainder. From x = uy + v, 
it follows that x + 2uy = 3 uy + v, so v is the remainder. 

OR 

Since the remainder when x is divided by y is v, and the remainder 
when 2 uy is divided by y is zero, the remainder when x + 2 uy is 
divided by y is the same as the remainder when x is divided by y, 
to wit, v. 


4. (A) Since P = x+ y and Q = x — y, P + Q = 2x, P — Q = 2y. 

P+Q P- Q 2x 2y s 2 - y* 

P — Q P+Q 2y 2x xy 

5. (A) y = kx, k is a constant determined from the given data: 8 = £-4, 

k = 2; when x = —8, y = 2-(—8) = —16. 


6. (B) The common ratio is 

2x+ 2 3x+3 

x 2x+ 2 

•*. 2x + 2 = fx, x = —4. 


3 

-, *5*0, *5*—1. 

the 4th term is (—4) (f) 1 


-13$. 


7. (C) For equal roots the discriminant, ft — Ap f is zero. This condition 
is satisfied by p = 0 and p = 4, so that (C) is the correct answer. 
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8. (C) We can re-write the equation as 

(*-»[(*-!) + (*- »] = (*- i)(2*-1) - o. 

x = f or * = f. Since f < f , the correct answer is (C). 


9. (E) The cost of the article is f X $24 = $21. A gain of 33$% of the 
cost is $ X $21 = $7. The article must, therefore, be sold for 
21 + 7 = 28 (dollars). Let M be the marked price, in dollars; 
M — \M = 28. If = 35, so that the correct answer is (E). 


10. (A) For the square the side is s, the diagonal is and the area is s 2 . 
The area of the triangle with altitude h is $($>£) h *= s 2 . h = s\/2. 


11. (D) 

2 X = 8*- 1 = 2*<3+ l \ x = 3y+ 3; 
3*“ 9 =9 v = &, x - 9 = 2 y. 

The solution of the two linear equations is 

x = 21, y a* 6; x + y = 27. 


12. (E) To negate the statement “all members of a set have a given prop¬ 
erty” we write “some member of the set does not have the given 
property”. Therefore, the negation is: For some x, £ > 0, that 
is, for some x , o? < 0. 


13. (A) (8 -r)+ (13-r) = 17, r = 2, * = 8-r =6; r:s = 1:3. 



14. (C) Let P be the amount paid for the 749 sheep. Then, the selling price 
per sheep is P/700, and the complete profit is 49 X P/700. There¬ 
fore, the gain is 

——— X 100 — 7 (per cent)- 
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15. (B) Let the line cut the x-axis in (—a, 0) and the y-axis in (0, h). 
Then \ah = T and h = 2 T/a. The slope of the line is 

h _ 2 T 
a d 2 


so its equation is 

2 T 2 T 

y = —x H-or 2Tx — a 2 y + 2 aP = 0. 

a 2 a 


16. (E) x 2 + 3x + 2 = (x + 2) (x + 1). The integers s in 5 such that 
5+2 is an integral multiple of 6 are s = 4 + 6k (k = 0,1, 2, 3); 
those such that 5+1 is an integral multiple of 6 are 5 = 5+ 6k 
(k = 0, 1, 2, 3). Other possibilities are that 5+2 is a multiple 
of 2 and s + 1 a multiple of 3, or vice versa. In the first case 
5 = 2+ 6k (k = 0, 1, 2, 3), and in the second s = 1 + 6 £ 
(k = 0, 1, 2 , 3, 4). Thus the following 17 members of 5 lead to a 
zero remainder upon dividing/(x) by 6 : 4,10,16, 22 ; 5,11,17, 23; 
2,8,14,20; 1,7,13,19,25. 


17. (D) xi, y\ cannot both be zero; for, if xi = y\ = 0, points Q and R 

would not be distinct. Similarly, if x% = y% = 0, points P and R 

would not be distinct. If y\ = kx\ f y 2 = kx% for some k 5 ^ 0, 
the points P, Q, R lie on a straight line through 0; otherwise an 
examination of the slopes of the segments shows that OP || QR 
and OQ II PP, so the figure is a parallelogram. 

OR 

Either O, P, Q , R lie on a straight line, or the segments OR and PQ 
have distinct slopes and their midpoints are 

( xi + xg yi + yt \ / xi + X 2 yi + 

2 9 2 / \ 2 9 2 ) 

respectively. But a quadrilateral whose diagonals bisect each other 
is a parallelogram. 


18. (C) When two equations have the same graph, then every pair x, y 
satisfying one also satisfies the other. It follows that the coefficients 
of one are proportional to the corresponding coefficients of the 
other, so that 3k = c, kb — —2, kc — 12. The solution of these 
three equations is c = 6 , b = — 1 or c = — 6 , 6 = 1 . 
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19. (A) 2x — 3y = z, x + 3y = 14 z. 

x = 5 z, y = 3 z. 

s 2 + Sxy x(x + 3 y) 5 z* 14 z 70s 2 

y*+ z* y 2 + a 2 9s 2 + s 2 lOr 2 

20. (B) Since the expansion represents the binominal for all values of 

x and y , it represents the binomial for x = 1 and y = 1. For these 
values of x and y each term in the expansion has the same value 
as the numerical coefficient of the term. Therefore, the sum of the 
numerical coefficients of all the terms in the expansion equals 
( 1 - 2) 18 = (- 1 ) 18 = 1 . 


Part 2 

21. (D) Let logb* x = m and let log x *b = ». Then x = 6 2 ” 1 and b = x 2 *, so 

(* 2n ) 2m = fl2m. ... *4mn = ^ 

1 

4 mn =1, n = —. 

4 m 

.*. w + — = 1 or 4m 2 — 4m + 1 = 0. m = i and x = b. 

4m 

22. (C) Since DF = $ZL4, area (AZ)FE) = $ area ( ADEA ). Since E 

is the midpoint of ZXB, 

area (ADEA) = ^ area (ADBA). 

Therefore, area (A DFE) = $•£ area (ADBA); 

area (quad. ABEE) = $ area (AD2L4), 
area (AZ)EE):area (quad. ABEE) = 1:5. 

23. (D) Let the numbers be represented by x and y. Then 

x + y = 7(x — y) and xy = 24(x — y). 

Therefore, 

8y = 6x and xy = 24x — 24y = 24x — 18x = 6x. 

x(y — 6) = 0. The value x = 0 does not satisfy the conditions 
of the problem, so that y = 6. Since 6x = 8y, x = 8. /. xy = 48. 
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24. (A) y = (x — a) 2 + (x — 6) 2 = 2[x L — (a + &)*] + a 2 + V 

- 2 [# -(„+.)« + (i±^] + *+•>- 2 (1±- 4 )’ 

J «+ 6 1 2 , 0 * - &) 2 
= 2 [>-— J+^—■ 

For y to be a minimum, x = (a + 6)/2. 


OR 


The graph of y = 2x 2 — 2(a + &)* + a 2 + S 2 is a parabola con¬ 
cave up with respect to the s-axis. It has a minimum point on the 
axis of symmetry, the equation of which is 

-2(a+ b) 


that is, 


x = 


a + b 
2 


25. (B) Let the linear factors be x + ay + b and x + cy + d. When 
multiplied out and equated to the given expression, we obtain 
these equations between the coefficients: ®a+c = 3@6+d = 1 
® ad be = m ® bd = —m ® ac = 0. 

From equations ® and ®, either c = 0, a = 3 or a = 0, c — 3. 
With the first set of values equation ® becomes 3d = m. Sub¬ 
stituting into equation ®, we have 3d = —bd. If d = 0, w = 0. 
If d 0, b = — 3. d = 4 and m = 12. The second set of 
values, a = 0, c = 3, yields the same result because of the sym¬ 
metry of the equations. 


26. (C) From the given information the ratio of the distances covered by 
First, Second, and Third, in that order, is 10:8:6. Since the speeds 
remain constant the ratio of the distances remains constant, so 
that, when Second completes an additional 2 miles, Third completes 
an additional x miles with 


2 

x 


8 

6 ’ 


x = l£. 


Therefore, when Second completes 10 miles, Third completes 
miles, that is, Second beats Third by 2\ miles. 
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27. (E) When * > 4, |*-4|+|s-3| = x- 4+ x- 3>l. 

When x < 3, | x — 4 I + I x — 3 | = 4 — x + 3 — x > 1. 

When 3 < x < 4, |x-4|+|*-3| = 4-x+x-3=l. 
•\ | x — 4 | + I x — 3 | is never less than 1. Since 
a>|x — 4 | + | x — 3 |, a > 1. 

28. (D) Let a be the first term of the progression. Then 

“b (a 2{n — 1))] = 153, or n 2 n(a — 1) — 153 = 0. 

The product of the roots of this quadratic equation in n is —153. 
It suffices to list only integral factors of —153; for, if both roots 
are non-integral, neither yields a solution of our problem, and if 
one root is an integer, the other not, then their sum a — 1 is not 
an integer, contrary to the assumption f hat a is an integer. More¬ 
over, only positive integers greater than 1 are admissible for n. 
Therefore n may have any of the values 3, 9, 17, 51, 153. 


29. (E) ARFD ~ A SRF (an angle of one triangle equal to an angle of 
the other triangle and the including sides in proportion). 


RS_SF RS _ 7| 

" RF~ RD' 5 ~ 6 ’ 


RS = 6j. 


OR 

By the law of cosines, 

5 s = 4 2 + & — 2-4*6 cos AD, cos AD = H = cos A RFS. 
RS 2 =S> + (7|) 2 - 2(7£)(5)(H), RS « 6j. 


30. (D) Let the roots be r and s with r > s. 

[(2 + V3) 2 + 8(7 + 4\ft)] 1 ' 2 


r — 5 = 


7+4V3 


Since 


7 + 4V3 = (2 + VJ) 2 , r - 5 = 


2 + \3 


= 6-3\$. 


OR 

Let r = 2 + since 7 + 4vS = (2 + V3) 2 = r 2 we may write 
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the equation as r 2 * 2 + rx — 2 = (rx — 1) (rx + 2) = 0. Its 
roots are 

1 ,, 2 
- and —, 

r r 


so that the larger root minus the smaller root is 



3 

2 + Afl 


= 6 - 3V$. 


Part 3 


31. (B) /(»+ 1) — /(« — .1) 

_ 5+ 3(5)*^1 + (5)' l2 y l + 5 - 3(5)^1 - (S) 1 ^ 1 

_ 5 + 3(5)‘^1 + (55 ~ 3(5)^1 - (5)^ »~ x 


5 + 3(5)'/yi + (5)*' 2 Yi 

ri + ( 5) 1/2 2 ] 

■ 2 

^ 2 ) 

2 1 + (5)wJ 


5- 3(5V»/1- (sy/V T l- (5) 1 '* 2 1 

_l " 2 V 2 )[ 2 1 — (5) 1,2 J 

5+3(5) *^i + wy (1) 


32. (C) Since 


and 


a + 6 c+d a + 6 6 + c 

---. then - =- 

6+c d+a c+d d+a 


a ±_6 

c + d 


1 = 


5 + c 
d+a 


+ 1 . 


a + 6 + c + d _ a + 6 + c + d 
c+d = a+d 
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If a+6+c+d^ 0, then a = c. If a+6+c+d = 0, 
then a may or may not equal c, so that the correct choice is (C). 

on 

If 

a + b c + d 
b + c d + a * 

then (a + b) (a + d) = (c + d) (c + b) , that is 
a 2 + (6 + d)a = c 2 + (6 + d)c. 

Hence 

a 2 — c 2 “h (6 + d) (a — c) = 0 , (a — c) (a + c + b + d) — 0 . 

33. (B) Draw a line througn P || to one of the sides of the rectangle; see 
figure. 

16 - c 2 = 9 - 

25 — c 2 = s 2 — <P s 2 — 9 = 9 «= 3\5. 



34. (C) 5 = 1 + 2i + 3? H-1- (n + l)i* 

t5 = i + 2? + • • • + ni* + (» + 1 )P H 


5(l — i) = 1 + i + i 2 + • • • + i n — (» + l)^ 1 


*(i - *) = --——r - (»+ l)*** 1 = 1 - (»+ 1)* 
1—1 


since i n = 1 if n is a multiple of 4. 


1 — (n+ l)i 

5 =- 


l + i 
1 + i 



+ 2 — ni). 


1- i 
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OR 

s = 1 + 3i* + 5f + If + • • • + (n + l)i* 

+ 2i + 4f + • • • + 

s = (1 — 3) + (5 — 7) + ••• + ((* — 3) — (» — 1)) 

+ n + 1 + f[!(2 — 4) + (6 — 8) + • • • + (n — 2 — n)] 

s = -(—2) + n + 1 + ~(—2)f = i(n + 2 — m). 

4 4 


35. (B) 14 2 -$*= 13 2 - 27 = <f— ft, 15 = q+ p q = p = 

13 2 — f* = 15 2 - s 2 , 56 = s 2 - f 2 , 14 = s+ r s = 9, r = 5. 
.4D 2 = 13 2 - 5 2 , i4Z> = 12, BE? = 13 2 — (¥)*, ££ = ¥• 
AHDB ~ ABE A ; 

. * r u EB 

" u~ p~ 12 — * fli4 * 

Since r = 5, p = 


33-56 33-33 

12 - / =-t. 

125 25-25 

/. f = Hi, 12 — / = /. HD:HA = 435:957 = 5:11. 


A 



36. (E) Diagram I on p. 94 shows the circle with its center at the vertex 
C of the equilateral triangle. In this position, the arc in question 
is 60° since it is subtended by a central angle of 60°. The second 
diagram shows the circle in another permissible position. Its center 
lies on a line parallel to the base of the triangle. Extend line NC 
to meet the circle again at D. The diameter through C bisects 
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the vertex angle of isosceles triangle MCD . Therefore, the peri¬ 
pheral angle MDN is 30° and the subtended arc MN is 60°. 

i n 



37. (D) We first prove that the A.M., £ (b + a), is greater than 
the G.M., (ob) 112 , for b ^ a. 

(b - a) 2 = J 2 - 2ab + a 2 > 0, ft 2 + 2ab + a 2 > 4 ab, 

b+o . 


b + a 


b + a > 2(ab) ll2 y 


a > ( ab ) 1/2 — a, 


2 

6 — a 


> (ab) 112 - 

> a ll2 (b m — a 1 ' 2 ). 


Therefore, if 


(6 — a) 2 

h > a, ---> + a — 2(a£) 1/2 ], 


(6 - a) 2 b+ a 
**' 8a" > 2 ( ° 6 ) 1/ *’ 

that is, the difference of the A.M. and the G.M. is less than 

(fr - «)* 

8a 


38. (D) Let y denote half the length of QR y and let x be the distance from 
M to the foot of the altitude from P. Then the square of the altitude 
may be written 

16 - (y- *) 2 = (£)* — 

(y — *)* — ** = -V = y* — 2xy. 

16 — (y—x) 2 =T 2 — (y + x )*, 
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(y + *) 2 — (y— x) 2 = 33 = 4ry, 
and 2xy = y 2 = y = i /. QR = 9. 


OR 

By the law of cosines, (|) 2 + y 2 — 2*|*y cos Z P3fQ = 16 and 
(i) 2 + y 2 - 2-}*y cos (180° - Z PJlfQ) 

= (l) 2 + ?+ 7y cos ZPilfQ = 49. 
A ¥+2^=65, y=f, 2y = 9. 


P 



39. (A) The length of each segment through P is less than the length of 
the larger of the two sides of the triangle from the same vertex 
as the segment under consideration. This fact is a consequence of 
the theorem: in a triangle, the larger of two sides lies opposite the 
larger of two angles. Thus A A' + BB' + CC < b + a + a, 
and so s < 2a + b. To see that each of the other alternatives 
may be violated, consider a point P very close to one of the end¬ 
points of the longest side. 


40. (AJ First we note that the number of minutes in a day is 24 X 60= 1440, 
while the number of minutes as recorded by the watch in a day is 
2\ less or 1437J, so that the correction factor for this watch is 
1440/1437J or, more simply, 576/575. 

Designate a minute recorded according to the watch as a “watch- 
minute” and a day recorded by the watch as a “watch-day”. Since 
the time interval given is 5f watch-days, or 5f X 24 X 60 watch- 
minutes, we have 5f X 24 X 60 + n = 5f X 24 X 60 X fff. 
/. n = 140-60(£F£- 1) = 14*|. 




1965 Solutions 


Part 1 


1. (C) 2 uu - 6 7 ’ +i = 1 = 2 °, 2 **- 7*+ 5 = 0. Since 7 s - 4-2-5 = 9 > 0 , 

this equation has two real solutions. 


2 . (D) Let r be the magnitude of the radius of the circle; then the length 
of a side of the hexagon is r and the length of the shorter arc inter¬ 
cepted by the side is 2irr/6. The required ratio is r : (2irr/6) or Sir. 


3. (B) 81-0-«) = 81 

Query: Is there another permissible value not listed in the five 
choices? 


4. (C) Let U be the set of points such that each point is equidistant from 
li and Z 3 . Designate the distance by d. Let k and k be the set of 
points at the distance d from fe (/$ and k are parallel to k ). The 
intersection set of h, and Z®, containing two points, is the re¬ 
quired set of points. 


, x 36 , 36 , 

5. (A) 0.363636 — =^+^+“- 

so that the correct answer is (A). 


36/IQ 2 _ 36 _ j4 

1 - 1/10 2 ~ 99 ~ 11 ’ 


Let 


OR 


F = 0.363636 • • • , 100F = 36.363636 


99F = 36, 


F = 


36 _ j4 
99 11 * 


6 . (B) Since 10 lo «i » 9 =9, 8 * + 5 = 9, .% * = 1/2. 


7. (E) Let the roots be r and s; then r + s = — b/a and rs = c/a . 

11 r + j — b/a 

-= — 7 — = —b/c y c 5 ^ 0 , 

r s rs c/a 


rs 


a^0. 
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8 . (A) Let s be the length of the required segment; then s 2 /l 8 2 = 2/3 

so that 5 = 6 ( 6) 1/2 (the areas of two similar triangles are to each 
other as the squares of corresponding sides). 

9. (E) y = x 2 - Sx+c= x 2 - 8 x + 16+ c- 16= (x- 4) 2 +c- 16 

(a parabola). For the vertex to be on the x-axis, its coordinates 
must be (4, 0) so that c must have the value 16. 

OR 

Since the ^-coordinate of the vertex of a parabola y = ax 1 + bx + c 
is —b/2a f we have, in this instance, 


-8 



The y-coordinate is 0 if 0 = 4 2 — 8*4 + c, i.e.,if c = 16. 

10. (A) x* — x — 6 < 0, x 2 — x < 6, 

x 2 - x + J < 6 + + (x — ?) 2 < (I) 2 . 

I x — | | < § or —§ < x — \ that is, —2 < x < 3. 

OR 

x 2 — x — 6 < 0, (x — 3) (x + 2) < 0. This inequality is satisfied 
if x — 3 < 0 and x+2>0 or if x — 3 > 0 and x + 2 < 0. 
The first set of inequalities implies — 2 < x < 3; the second set 
is impossible to satisfy. 

11. (B) (-4 ) 1 ' 2 = 2(—1) 1/2 , (—16) 1/2 = 4(-l) 1 ' 2 . 

••• (—4) 1/2 (—16) 1/2 = 8 (—1) = -8 
but 

[(-4K-16)] 1 ' 2 = (64) 1/2 = 8 . 

Statement I is incorrect. 

12. (D) Since A BDE~ ABAC , s/6 = (12 - ^)/l2, s = 4. 



B 8 E C 
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13. (E) We must find out if the line intersects the circle x 2 + y 2 = 16 
in two points R and S, or if it is tangent to the circle, or if it 
has no points in common with the circle. It is easy to see that the 
line 5y — 3x = 15 intersects x 2 + y 2 = 16 in two points because, 
for example, the point (0, 3) on the line is in the interior of the 
circle (since 0 2 + 3 2 < 16 ),soa whole segment RS of the line 
is inside the circle. This segment has infinitely many points x, y 
and the coordinates of each satisfy 5y — 3x = 15 and x 2 + y 2 < 16. 


14. (A) (.x 2 — 2 xy+ y 2 ) 7 = ((x — y ) 2 ) 7 = (x— y) 14 . By setting x = y = 1 

in the expansion of this binomial we obtain the sum s of the integer 
coefficients. Consequently s = (1 — l) 14 = 0 . 

15. (B) 52 6 = 56+2, 25 6 =26+5. 

Since 52 6 = 2(25 6 ), 56 + 2 = 2(26 + 5); /. 6 = 8 . 

16. (C) Draw AE and the altitude FG to the base DE of triangle DEF. 

Since F is the intersection point of the medians of triangle A CE , 
FD = \AD. FG = \AC = 30 = 10. 

•\ area (A DEF) = +15*10 = 75. 


OR 

The three medians of a triangle subdivide it into six triangles 
of equal area. Therefore 

Area (A FDE) = ++30-30 = H* = 75. 
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1 7. (E) The given statement may be rephrased as “If the picnic on Sunday 
is not held, then the weather is not fair.” Its contrapositive is 
“If the weather is fair, then the picnic is held on Sunday.” This 
is statement (E). 


18. (B) The error in using the approximation 1 — y is 

1 v 2 

7T—d-y)=7x-- 
l + y 1 + y 

The ratio of the error to the correct value is, therefore, 


(rrJArb) - * 


19. (C) Let 

a ? 4 + + 6 px* + 4 qx + r = (x + a) + 3s 2 + 9x + 3) 

= jc 4 + (a + 3 ).t 8 + (3a + 9)x* + (9a + 3)x + 3a. 

Equating the coefficients of like powers of x , we have a = 1, 
p = 2, q = 3, r = 3, so that (p + q)r — (2+3) (3) = 15. 

OR 

Divide tf 4 + 4x* + 6pn? + 4 qx + r by o? + 3a? + 9x + 3* . 

quotient is x + 1 and the remainder is the second-degree poly¬ 
nomial ( 6 p— l2)o?-\- (4q — 12)s + r — 3. This remainder equals 
zero since the division is exact. Therefore p = 2 , q = 3, r =3 
and (p + q)r = 15. 


20 . (C) The rth term equals S T — S r -i, and S r = 2 r + 3^, and 
•Sr— i = 2 (r - 1) + 3(r - l) 2 = 3r*- 4r+ 1. 
the rth term equals 6 r — 1 . 

OR 

Let the rth term be Ur and let the first term be a; then 

S r = (r/ 2 ) (a + Ur) — 2 r + 3r 2 , a + Ur = 4 + 6 r. 

But 

a = Si - 2-1 + 3-1 2 = 5. A Ur = 4+6r- 5 = 6r- 1. 

OR 

a = *Si = 5, S 2 = 16. U 2 = S 2 — *Si = 11, but U 2 = a + d\ 

d = 6 . « a + (r - l)i = 5 + (r - 1)(6) - fir - 1. 
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Part 2 


21. (D) 

$ “f“ 3 

logio (x 2 + 3) — 2 logio x = logio-— = logio 

or 

For a sufficiently large value of x, 3/x 2 may be made less than a 
specified positive number N and so logio (1 + 3/x 2 ) may be made 
less than the specified positive number logio (1 + N). Challenge: 
If, in the problem, the condition x > \ were given instead of 
x > §, show that then (C) would also be an acceptable answer. 



22. (A) U 2 X 2 + a\% + ao = al x 2 + -^x + —) 

\ Oj 02/ 


= a 2 (x 2 — (r + s)x + rs) 

= a 2 (r — x) (s — x) 

If rs = ao/a% is not zero, then ao 5 ^ 0 and the last expression 
may be written in the form 

’)■ 

+“»+« - "(jjX 1 - ;)(• - - “X 1 - ;)(* -;) 

for all values of x provided ao ^ 0 . 


23. (D) Since I x — 2 | < 0.01, x is positive and x < 2.01. Hence 
I* 2 - 4| - |x- 2 \\x+ 2 | 

= | x- 2 | (x + 2) < (.01) (4.01) = .0401. 

OR 

I * - 2 | < 0.01 implies 1.99 < * < 2.01. 

3.9599 < 3.9601 < x* < 4.0401. 

-.0401 < x 2 - 4 < .0401, that is, la? — 4 1 <.0401. 


24. (E) Let P = 10 1/u * 10 2711 ••• 10"/“ = 10* where 


1 + 2 + •** + n 


1 1 , , 

— ’~n(n + 

11 2 v 


1 ). 


5 = 


11 
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For P > 100000, 10* > 10 6 , that is, r > 5. 

rft I ^ 

—— >5, n 2 +n - 110 > 0, 

22 

(«+ ll)(n- 10 ) > 0 , n> 10 . 


25. (D) Since CB is the median to the hypotenuse AE of right triangle A EC, 
CB = \AE = AB. 


C 



26. (E) From the given information, 2k = a + b, 31 = c + d + e, so 

2k 31 4£ -H 6 / 

m - ---= -, 

5 5 10 

while 

k + l 5k+ 51 
P ~ 2 10 

Therefore tn > ,= ,</> according as 4k + 61 > , = , < 5k + 51, 
that is, according as l > k, l = k or / < k. 

Since k depends only on the first two of the numbers a, b , c , d , e , 
while l depends only on the last three, all three possibilities can 
be realized by proper choice of the five numbers. 


27. (A) Since y 2 + my + 2 = (y — l)/(y) + Ri for all values of y, we 
have, letting y = 1, 3 + tn = Ri. Similarly, since 

y 2 + my + 2 = (y + + ^2 

for all values of y, we have, letting y = — 1 , 3 — tn = Ri- Since 
Ri = R%, 3 + m = 3 — m. m = 0. 


28. (B) Let the time needed for a full escalator step to reach the next 
level be designated as unit time, and take the visible length of the 
escalator to be n units of distance. Suppose Z takes k steps per 
unit time; then one of Z’s steps takes \/k units of time, and 18 
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steps take 18/& units of time. Z’s rate of descent is k + 1 units 
of distance per unit of time. Therefore, 

18, , » 36, 

-(*+D -»--(*+1). 

A takes 2k steps per unit of time, so his 27 steps take 27/2k units 
of time, and his rate of descent is 2k + 1 units of distance per 
unit of time. Hence 


1 ( 2 * +!)=*• 

Thus 36(k + 1) = 21 (2k + 1), 18* = 9, 

k = and n = 36*$ = 54. 


29. (A) Let tii (tii > 0) represent the number of students taking Mathe¬ 

matics and English only. Let ni (m > 0, n% even) represent the 
number of students taking all three subjects. 

From the given information we have, then, 

tii “h fii “h 5»2 “h tii 4" 6 = 28, that is, tii + 3«j =11. 

Under the restrictions given in the problem, this equation implies 
n%— 2 and «i = 5. 

30. (B) ZA= /.BCD (Why?), DF = CF(Why?). /. /DCF = / CDF. 

/BCD = 90° - Z DCF , ZFZ7Z = 90° - Z CZ7F, 

/FDA = /BCD = / A. DF = FA ^ CF, that is, Z7F 
bisects CZ. Also /CFD = ZFZ)A + /A = 2 ZZ. 

The given information is, therefore, sufficient to prove choices 
(A), (C), (D), and (E). For choice (B) to be true, segments CD 
and AD would have to be equal, but such equality can not hold 
for all possible positions of point D. 


B 



A 
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OR 

Draw the radius OD. If right A BDC is turned counterclockwise 
by 90° about the point D , corresponding sides DB and DC , and 
corresponding sides DC and DA of similar triangles BDC and CD A 
will coincide. Since OD _L DF, these lines will also coincide after 
the rotation Therefore DF is a median to the hypotenuse of 
ACDA> so CF = FA = DF. LCFD is an exterior angle of 
isosceles AFDA y hence equal to 2 LA. However, the median 
to the hypotenuse of a right triangle bisects the right angle only 
in the special case that the legs are equal. 


Part 3 

31. (C) Let logo x = y; x = a v , log 6 x = log 6 a v = y log 6 a. 

.*. (log® x) (log& x) = logo 6 implies y • y log& a = logo b. 

Since log*a = l/logo 6 , y 2 = (logo 6 ) 2 , y = logo 6 or y = —logo 6 ; 
logox = logo 6 or logo* 5=5 logob“~K x = b or x = 6 -1 = 1 / 6 . 

OR 

Let 

log 6 * = y; * = 6 *. /. (logo 6 *) (loge, 6 V ) = log* 6 , 

(y log® b) (y log* b) = logo b y y 2 log* b = logo 6 ; 

\ y 2 = 1 , y = 1 or y = — 1 , /. * = 6 or * = b~ l . 

OR 

(log& *) (logo x) = logo £ (logfrX) = logo 6. * logfrX = 6. 

(log 6 x) (log 6 *) = log 6 6 = 1 . /. logb * = 1 or log&s = — 1 . 
* = 6 or * = Jr 1 . 


32. (C) 100 = C- s, C = 100+ *. 

S' = C + li = 100 + * + -V 1 = 100 + —^100 + * + — 


. jl 12 

” 100 ' 90 9 


x = 10. 


33. (D) 151= 10»(3-14-13-12-ll-9-8-7-6-3-2-l) and 
151= 12«(l5-14-13-ll-5-7-5). 
k = 5 and 6 = 3. /. & + 6 = 8. 
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34. (B) We seek the smallest value of 

4s 2 + 8x + 13 = 4(3*+ 2x + 1) + 9 = 4(x + l) 2 + 9 
^ 6(x + 1) 6(x + 1) 6(x + 1) 

under the condition x > 0. Let x + 1 = s; then the expression 
whose minimum we must determine may be written 

4 s? +9 . 

y --, and since x > 0, 2 > 1. 

6z 

We multiply both sides by 6 z and obtain 

4s 2 + 9 = 6sy or 4s 2 — 6sy + 9 = 0. 

We write 2 in terms of y: 

*= 7 ± - 144)«» - ^ ± -(y*- 4)«* 

8 8 4 4 

Since 2 is real, y 2 > 4, so y > 2 or y < — 2. However, the con¬ 
dition x > 0 implies that the expression y is never negative. Hence, 
the smallest value y may have is 2. When 

6-2 3 1 

y = 2, 2 = — = - , so x = - . 

* 8 2 2 

35. (D) Suppose the rectangle has been folded so that the crease is along EF 

and AE lies along EC ; see figure. Let EB = x; then 

AE = EC = 5 — x and = x, 

so that = x and GE = 5 — 2x. w* = (6 l/2 ) 2 - (5 - 2x) 2 
and, also, w 2 = (5 — x) 2 — x 2 . 6 — 25 + 20x — 4x* = 25 — lOx. 

x = 2 and w = 5 1/2 . The value x = 11/2 is rejected. 



36. (E) The right triangles PP 1 P 2 , E 1 E 2 E 3 , P 2 E 3 -P 4 , ••• are all similar; 
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hence 


a _ __5_ PiPz 

b ~ P 2 Pt ~ P t Pi 


6* 5* b n 

and PzPi = — , PzPi = — , • • • , PnPn+i = —:. 

/r /»* /i 7 * * 


The sum of the lengths of these segments is 


6 * 

U+H-- + - + 
a a 1 


{ 1+_ I + 0 + '"] 


1 


= a- 


1 — ( b/a ) a — b 



37. (C) Draw DGH \\AB. DG:3a = b:3b; DG = a=EA. EF = FG 
and AF = FD, so that AF/FD = 1. Also DH:4a = b:3b, 
DH = 4a/3 and = Z)jff — DG = #/3 j GC — %EC and 
EG = $ EC, and, since EF = EG, EC = §EC. EE/EC = £. 
/. (EE/EC) + (AF/FD) = * + 1 = §. 


B 



38. (E) Denote by a, 5, and c the respective times it takes A, B, and C 
to do the work alone. Then 
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Hence 

m n _ 1 1 

a b b a 9 

Also, 


-(»+ 1) = j-(»+ 1), so - 
a b b 


iii+ 1 

n+ 1 * 


-+ "h = l + ' + ~ = l + “+ + l)'' 

o b b a c b a x\a b/ 





so 

G _ fit — 1 — 2/X 

b 1 — n + 2/x 

m + 1 m — i — 2 Jx m + n + 2 

---— , so x -- 

* + 1 1 — n + 2/x mn — 1 


39. (B) Oil - i + r, OM - 1 + r, BA - f - r. 

Area (AOBA) - 2 Area (ABO'A). 

Semiperimeter ( A02L4) = + r + 1 + f — r) * f. 

Semiperimeter (ABO'A) *= — r+£+l + r)=i. 

A B(1 “ r)(i)rP - 2B(r)(l)(* - r)J* 

\ 7r = 3, r = + d « ^ & .86. 
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OR 

Draw the altitude h from A to OB . We have 
(i+r)*-<* = (#-r)*- 

t = 2r — h 2 = 3r — 3 r 2 . 

Since 

Area (AO AO') = }*-) - [(»+ r)(r)(l)(*)]^ f 
we have 

= A(3r — 3^) = fr + Jr 2 r = f and d = %. 



40. (D) Let P = x A + 6x*+ 11^+ 3s+ 31 

= (s 2 + 3x + l) 2 — 3(* — 10) = yK 

When x= 10, P = (x 2 + 3x+ l) 2 = 131 2 = y 2 . To prove that 
10 is the only possible value we use the following lemma: If 

I N\> \M I, 

N, M integers, then 

N 2 — AT 2 > 2 | AT | — 1. 

(This lemma is easy to prove; try it.) 

Case I If x > 10, then 

3(x- 10) = (*?+ 3x+ l) 2 - y*> 2 \x* + 3x+ 1 |- 1, 
an impossibility. 

Case II If x < 10, then 
3(10 - x) = y 2 - (x 2 + 3x + l) 2 

> 2|y| - 1> 2|x 2 +3* + ll-l. 
This inequality holds for the integers 

x = 2, 1, 0, 1, 2, 3, 4, —5, 6, 

but none of these values makes P the square of an integer. 





IV 


Classification of Problems 


To classify these problems is not a simple task; their content is so varied 
and their solution-possibilities so diverse that it is difficult to pigeonhole 
them into a few categories. Moreover, no matter which headings are selected, 
there are borderline cases that need cross-indexing. 

Arithmetic , Algebra , Geometry , and Miscellaneous Topics constitute the 
primary groupings. A more refined classification is provided by the sub¬ 
headings. Subsumed under Arithmetic are approximate-number and number- 
theoretic problems, as well as problems on means, percentage, and profit- 
and-loss; these are also cross-indexed for the appropriate subheadings under 
Algebra . Under Geometry are listed the problems on Euclidean geometry and 
simple coordinate geometry. 

The number preceding the semicolon refers to the last two digits of the 
examination year, and the numbers following the semicolon refer to the 
problems in that examination. For example, 61; 13 means Problem 13 in the 
1961 examination. 


Approximation 

Mean 

Number theory 

Percent 
Profit and loss 
Proportion 


Arithmetic 

65; 18 

62; 8, 10 63; 11 64; 37 65; 26 

61; 17, 28, 35 62; 22 63; 8, 13 64; 3 
65; 15, 33, 40 

61; 18 64; 14 65; 32 

64; 9, 14 65; 32 

see under Algebra 
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Binomial expansion 

Discriminants 

Equations 
Cubic (and higher) 
Indeterminate 

Linear 

Quadratic 

Radical 
Systems 
Exponents 
Extreme value 

Factors 

Fractions 

Functions 

Linear 

Notation 

Polynomial 

Quadratic 

Graphs 

Inequalities 

Logarithms 

Numbers 

Complex 

Real 

Reciprocal 

Operations 


Algebra 

see Polynomial expansion and Progression 
see Roots 

62; 39 

61; 33 62; 36 63; 31 64; 11, 29, 40 

62; 10, 24,35 63; 36 64; 26, 40 65; 28, 

29, 37, 38 

61; 29 62 ; 34, 38 63; 3, 14, 20, 24, 28, 29 
64; 7, 8, 30 65; 1, 22, 24, 27, 34, 35, 39 

63; 40 65; 39 

63; 4, 23 64; 18, 23, 25 65; 29, 38 

61; 1,9, 28 62; 1,4 63; 2 65; 1, 3, 33 

61; 34, 40 62; 26, 37 63; 19, 28, 29, 37 
64; 24 65; 21, 34 

61; 22 62; 9 63; 21 64; 25 65; 19, 22, 27 
62; 1 63; 13, 17,30 64; 4, 19, 32 65; 5, 34 

65; 6, 12, 15, 28, 29, 32, 38 
63; 30 64; 31 

61; 5, 22 62; 9 63; 21 65; 19, 40 

62; 26 64; 16, 24 65; 27, 35, 40 

61; 3, 19, 20 63; 27, 33, 37 64; 2, 18, 24 
65; 13 

61; 20 62; 29 63; 5, 19 64; 27, 39 
65; 10, 13, 23, 31 

61; 6, 19, 30 62; 17, 28, 33 63; 5, 30 
64; 1,21 65; 6, 21, 31 

62; 21 64; 34 65; 11 
62; 34 64; 7 65; 11, 31 
63; 3 65; 7 

61; 4, 9, 13 62; 2, 27 64; 31 65; 11 
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Polynomial expansion 

61; 5, 7 62; 12 63; 9 64; 20 65; 14 

Progression 

61; 12, 24,26 62; 3, 14, 20, 31, 32, 40 63:16 

64; 6, 22, 28, 34 65; 5, 20, 24, 36 

Proportion 
(see also variation) 

61; 2, 15, 37 63; 25, 38, 39 64; 13, 26, 29, 35 

65; 2, 8,18, 28, 38 

Ratio 

see Proportion 

Recursive relation 

62; 32 64; 31 

Roots (of an equation) 

61; 29, 33 62; 11,21,34 63; 14, 24, 28 

64; 7, 8, 30 65; 1, 6, 7, 22 

Sequence 

see Progression 

Series 

see Progression 

Variation 

62; 13 64; 5 65; 37, 38 



Geometry 

Coordinate geometry 

61; 3,19, 20,39 62; 19 63; 1, 7,12,33 

64; 2,15 65; 9, 13 

Plane geometry 

Affine properties 

62; 15 63; 7, 27, 33 65; 4 

Angles 

61; 8, 25,27 62; 7, 20 63; 6, 22, 34 64; 36 
65; 25, 30 

Area 

61; 16, 21, 32 62; 6,16,18,37, 39 63; 15 
64; 15, 22 65; 16 

Circles 

61; 11, 38 62; 5, 25 63; 15, 18 64; 13 

65; 2, 30, 39 

Classification (of figures) 

64; 17 65; 25 

Congruence 

65; 30, 35 

Polygons 

3 sides 

61; 38 62; 7, 23 64; 39 65; 8, 16, 30, 37 

4 sides 

61; 39 62; 16, 25 63; 32 64; 10, 22,33 

65; 12, 25,35 

n sides (» > 4) 

61; 27 62; 18, 31 65; 2 

Proportion 

61; 23, 31 63; 18, 22 65; 8,12, 36, 37 
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Pythagorean .ormula 

Ratio 

Similarity 

Logic 

Sets 
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61; 10, 14, 21, 36 62; 6 63; 10, 25, 35 
64; 33, 35, 38 65; 35, 36, 39 

see Proportion 

see Proportion 

Miscellaneous Topics 

62; 30 63 ; 26 64; 12 65; 17 

61; 4, 20, 34 62 ; 28, 29, 33 63 ; 24 
64; 16, 25 65; 29 



The annual high school contests have been 
sponsored since 1950 by the Mathematical 
Association of America and the Society of 
Actuaries, and more recently by Mu Alpha 
Theta (1965), the National Council of Teach¬ 
ers of Mathematics (1967) and the Casualty 
Actuarial Society (1971). Problems from the 
contests during the period 1950-1960 are pub¬ 
lished in Volume 5 of the New Mathematical 
Library, and those for 1966-1972 are published 
in Volume 25. This volume contains those for 
the period 1961-1965. The questions were 
compiled by C. T. Salkind, Chairman of the 
Committee on High School Contests during this 
period, who also prepared the solutions for 
the contest problems. Professor Salkind died 
in 1968. In preparing this and the other Con¬ 
test Problem Books, the editors of the NML 
have expanded these solutions and added 
alternative solutions. 

The New Mathematical Library will continue 
to publish these contest problems from time- 
to-time. 
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